SENAY binky 


Li 


f 


<< Zz S = 
QYr~ wh . 


R MATRICES AND 
R MATRICES - 


7 


4 wih J ; 
a : — ane 
ae a Pi " P 1 ‘ in 
i & ise ces as ut ab ¢ 
4 py ‘ ee ; ace ae _ bent 
nm +e y te es Hen) ys . Ly! 
ce wt” bee pre : . 
ie ‘ it A . = oe 4 y + 
* - > \. 
ls * | - Ki FA = : ‘ 
: ost a =" he OR. On oes =i 
ay bd | re Teiee 8. nme se! eee . ae 3 ‘ 
| eer pS aR ay gue se, 
| i : i 
74 Log He: 
fee me : fb bse em, ee & ee 
t (hy A c s fot +9 Nets aie 
re ; lee 4 * be 
Ul Yr —~., . aos P. 


Neutrosophic Super 
Matrices and 
Quasi Super Matrices 


W. B. Vasantha Kandasamy 
Florentin Smarandache 


ZIP PUBLISHING 
Ohio 
2012 


This book can be ordered from: 


Zip Publishing 

1313 Chesapeake Ave. 
Columbus, Ohio 43212, USA 
Toll Free: (614) 485-0721 

E-mail: info@zippublishing.com 
Website: www.zippublishing.com 


Copyright 2012 by Zip Publishing and the Authors 


Peer reviewers: 


Prof. Valeri Kroumov, Okayama Univ. of Science, Japan. 

Dr.S.Osman, Menofia University, Shebin Elkom, Egypt. 

Dr. Sebastian Nicolaescu, 2 Terrace Ave., West Orange, NJ 07052, USA. 
Prof. Gabriel Tica, Bailesti College, Bailesti, Jud. Dolj, Romania. 


Many books can be downloaded from the following 
Digital Library of Science: 
http://www. gallup.unm.edu/~smarandache/eBooks-otherformats.htm 


ISBN-13: 978-1-59973-194-0 
EAN: 9781599731940 


Printed in the United States of America 


CONTENTS 


Preface 


Chapter One 
INTRODUCTION 


Chapter Two 
NEUTROSOPHIC SUPER MATRICES 


Chapter Three 
SUPER BIMATRICES AND THEIR GENERALIZATION 


3.1 Super Bimatrices and their Properties 
3.2 Operations on Super Bivectors 


139 


Chapter Four 
QUASI SUPER MATRICES 


FURTHER READING 
INDEX 


ABOUT THE AUTHORS 


157 


195 


197 


200 


PREFACE 


In this book authors study neutrosophic super matrices. The 
concept of neutrosophy or indeterminacy happens to be one the 
powerful tools used in applications like FCMs and NCMs where 
the expert seeks for a neutral solution. Thus this concept has lots 
of applications in fuzzy neutrosophic models like NRE, NAM 
etc. These concepts will also find applications in image 
processing where the expert seeks for a neutral solution. 

Here we introduce neutrosophic super matrices and show 
that the sum or product of two neutrosophic matrices is not in 
general a neutrosophic super matrix. 

Another interesting feature of this book is that we introduce 
a new class of matrices called quasi super matrices; these 
matrices are the larger class which contains the class of super 
matrices. These class of matrices lead to more partition of n <x m 
matrices where n > | and m > 1, where m and n can also be 
equal. Thus this concept cannot be defined on usual row 
matrices or column matrices. 

These matrices will play a major role when studying a 
problem which needs multi fuzzy neutrosophic models. 


This book is organized into four chapters. Chapter one is 
introductory in nature. Chapter two introduces the notion of 
neutrosophic super matrices and describes operations on them. 
In chapter three the major product of super row vectors and 
column vectors are defined and are extended to bisuper vectors. 

The final chapter introduces the new concept of quasi super 
matrices and suggests some open problems. 

We thank Dr. K.Kandasamy for proof reading and being 
extremely supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


In this chapter we just indicate the concepts which we have 
used and the place of reference of the same. 


Throughout this book I will be denote the indeterminate 
such that P=1. (ZUT), (QUD, (RUD, (C UD, (Z, UD and 
(C(Z,) U TI) denotes the neutrosophic ring [3-4, 7]. For the 
definition and properties of super matrices please refer [2, 5]. 
The notion of bimatrices is introduced in [6]. 


Here in this book the notion of neutrosophic super matrices 
are introduced and operations on them are performed. 


We also can use the entries of these super neutrosophic 
matrice from rings; ((Z U I)) (g) = {a+ bg | a,b e (Z UT) and g 
is the new element such that g? = 0}. Z can be replaced by R or 
Q or Z, or C and we call them as dual number rings [11]. 
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((Q U D)) (g)) = {a + bg; | a, b € (QUT) where g; is a new 
element such that g/= g;}. We call ((Q U D) (g;) as special 


dual like number neutrosophic rings. Here also Q can be 
replaced by R or Z or C or Z,. 


((R U D) (g2) = {a+ bg | a, b e (RUD), g> the new element 
such that g> = —g»} is the special quasi dual number 


neutrosophic ring. We can replace R by Q or Z or Z, or C and 
still we get special quasi dual number neutrosophic rings. 


Finally we can also use ((Z U I)) (g1, 22, 83) = {a1 + agi + 
a320 + ayg3 | ai € (Z UT); 1 <i < 4; g), Q, g3 are new elements 
such that g7 = 0, g5 = g) and g;=~—g; with gig; = (0 or g; or g)), 
i#J; 1 <1i,] < 3} the special mixed neutrosophic dual number 
rings [11-13]. 


Finally in this book the new notion of quasi super matrices 
is introduced and their properties are studied. This new concept 
of quasi super matrices can be used in the construction of fuzzy- 
neutrosophic models. 


Chapter Two 


NEUTROSOPHIC SUPER MATRICES 


In this chapter we for the first time introduce and study the 
notion of super neutrosophic matrices and their properties. 


A super matrix A in which the element indeterminacy I is 
present is called a super neutrosophic matrix. To be more 
precise we will define these notions. 


DEFINITION 2.1: Let X = {(x) x2... X, | Xpey wee Xp | Key vee Xp) 
where x; € (R UI); R reals 1Si <n) be a super row matrix 


which will be known as a super row neutrosophic matrix. 


Thus all super row matrices in general are not super row 
neutrosophic matrix. 


We illustrate this situation by an example. 


Example 2.1: Let X= (311 -4| 20-5 |2101|7214), Xisa 
super row neutrosophic matrix. 


All super row matrices are not super row neutrosophic 
matrices. 
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For take A= (3. 1011|25-27|01234), Ais only a 
super row matrix and is not a super row neutrosophic matrix. 


Example 2.2: Let A= (131 1|-[5I|2103121|03); Aisa 
super row neutrosophic matrix. 


Example 2.3: Let 
A= (0.31, 0, 1| 0.7, V2 1,01+ V7 | -81, 0.91 +2); A is a super 


row neutrosophic matrix. 


DEFINITION 2.2: Let 


Ji 
V2 


Y= where y; € (R UI); 1 Si Sn. 


Y is a super column matrix known as the super column 


neutrosophic matrix. 


We illustrate this situation by some examples. 


Example 2.4: Let 
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be a super column matrix. Y is clearly a neutrosophic super 
column matrix (super neutrosophic column matrix). 


Example 2.5: Let 


1-641 
be a super neutrosophic column vector / matrix. 

It is pertinent to mention here that in general all super 
column matrices are not super neutrosophic column matrices. 


This is proved by an example. 


Example 2.6: Let 
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be a super column matrix which is clearly not a super 
neutrosophic column matrix. 


We now proceed onto define the notion of neutrosophic 
super Square matrix. 


DEFINITION 2.3: Let 


a}, Ay) a1, 

Az, 4, a3, 
A= (a) = 

a1 eee eee ain 


be an xn super square matrix where aj; € (R UI). A is called 
the neutrosophic super square matrix of order n xn. 


We illustrate this by an example. 


Example 2.7: Let 


2 I 0; 5 -7)} 2 
I 1 3 I | 21 
0 11/3 .4|7 
A _ 
=2,. D2 -0 0 | 6 
1 3 5}3 1/7 
1 1 1;/-I 1 fit 


be a 6x6 super square matrix. Clearly as the entries of A are 
from (R U I). A is neutrosophic super square matrix. 
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Example 2.8: Let 


Bi OTS Gy Ak ied ST 
Ek Os Sry ora 
o .230| E> 90: OSul2° <3 
AS Bola, OT. || et OL | 
3 4 |-21 2 -31/3 4 
5. 6 | 0 1 3 |5I 61 
1 31/5 6 7/8 O 


A is a 7x7 neutrosophic square super matrix. 


All super square matrices need not in general be a 
neutrosophic square super matrices. 


We illustrate this by an example. 


Example 2.9: Let 


1 2/3 4 5 
6 7/8 9 0 
A= |0 9 8. 7 6 
5 4/3 2 1 
2 4|8 0 7 


A is just a square super matrix and is not a square neutrosophic 
super matrix. 


Now we proceed onto define a rectangular super matrix. 
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DEFINITION 2.4: Let 


mM); M)) M)3 NM), 
M), My, M3 M, 
M = (my) = 
My 1p My pp My_73 |" | My_n 
Wins ee Mes M yn 


be a p x n (p # n) rectangular super matrix where 
my; € (R UI) Clearly M is a rectangular neutrosophic p xn 
super matrix. 


We illustrate this by an example. 


Example 2.10: Let 


3 O;1 6 5/41 3 21 1 
je 5 2/0 I 2/31 4 SI 6 
1 1/5 0 IT;2 31 4 SI 
I O/;1 1 O/T 1 IT 2 


A is a 4x9 rectangular neutrosophic super matrix. 


Example 2.11: Let 


a: i Vie =O 
fl Aa Se St 
ir OO; Ori, 4 

aL Ware &. 36\0% 294 

s1 9/3 7 
0 1 2/8 91 


be a 6x5 rectangular super neutrosophic matrix. 
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All super rectangular matrices in general need not be a 
neutrosophic super rectangular matrices. 


We illustrate this by an example. 


Example 2.12: Let 


[5 


NM Wl] Oo ee 
N NICO NWN 
SF] OO W 
ao ola fs 
Oo Rl nN WN 
NO Bi BR C 


sl 


be a 4 x 8 super rectangular matrix. Clearly A is not a super 
neutrosophic rectangular matrix. 


Thus we can say as in case of supermatrices if we take any 
neutrosophic matrix and partition it, we would get the super 
neutrosophic matrix. 


We can as in case of supermatrices define a neutrosophic 
super matrix is one in which one or more of its elements are 
themselves simple neutrosophic matrices. The order of the 
neutrosophic super matrix is defined in the same way as that of 
a neutrosophic matrix. 


We have to define addition and subtraction of neutrosophic 
super matrices. 


We cannot add in general two neutrosophic matrices A and 
B of same natural order say m x n. 


We shall first illustrate this by an example. 
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Example 2.13: Let 


3 5/6 7 8|1 5 3 1|2 0 6 
0 1/2 1 344 0 1 0/1 1 2 
10/1 0 Of! 1 01/2 01 

A=|1 2/3 4 I]0/andB=|0 I 6/0 I 0 
0 1]1 2 3]4 123/40 
0 1/1 3 0f1 0 1 2/3 I 0 
0 1/1 0 Ifo be * dO I 


be two super neutrosophic matrices of natural order 7x6. 
Clearly we cannot add A with B though as simple matrices A 
and B can be added. 


Thus for two super matrices to have a compatible addition it 
is not sufficient they should be of same natural order they 
should necessarily be of same natural order but satisfy further 
conditions. This condition we shall define as matrix order of a 
super matrix. 


DEFINITION 2.5: Let 


be a neutrosophic super matrix where each aj is a simple 
neutrosophic matrix. I <i <mand 1 Sj Sn. 


The natural order of A is t x s; clearly t >m and s =n that 
is A has t rows and s columns. 


The matrix order of the neutrosophic super matrix A is 
m Xn. 1.e., it has m number of matrix rows and n number of 
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matrix columns. The number rows in each simple neutrosophic 
matrix dj, i fixed is the same, p may vary; I <p <n. Likewise 
for ay; j fixed, 1 <k Sm; the number columns is the same. 


We now give examples of these. 


Example 2.14: Let 


3 I 1/2 I 1 0/2 -I 
02 0;0 0 I 2)1 =O 
1 0 %7);1 1 I 3)1 

A= 
21 1/3 I 2 1/3 4 
4 12/0 01 1/5 61 
I I O/1 0 1 O/;T 31 


3 I 1 2 11 +0 2 -I 
where a); = , a= 5 a3 = : 
i 2 4 F 0 I ‘| i 0 


1 0 I 1 1 1 3 1 2 
a2) = 22 le a 9897 = 3 I 2 1 » 33> 3 4 7 
4 12 001 1 5 6l 


a3, = [I 1 0], a3. =[1 0 1 0] and a33 = [I 3 I] are the neutrosophic 
submatrices of A also known as are the component matrices of 
A. 


The natural order of A is 6 x 9 and the matrix order of A is 
3x3. 
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Example 2.15: Let 


a Eel 2 
0 0/1 1 0 

Rat Dt 3 
10/4 5 6l] ja, Ja, 
1 1/0 I 3 


be super neutrosophic matrix. The natural order of A is 5x5 
and the matrix order of A is 3x2. 


Now having seen example of matrix order of a neutrosophic 
super matrix we now proceed on to define addition of two super 
neutrosophic matrices. 


DEFINITION 2.6: Let A and B be two neutrosophic super 
matrices of same natural order say m xn. Let A and B be a 
neutrosophic super matrices of matrix order t x s where t Sm 
and s Sn. 


We can say A+B the sum of the super neutrosophic matrices 
A and B be defined if and only if each simple matrix aj in A is of 
same order for each bj in B. 1 Sist; 1S j Ss; 


a), | a), | ue | a), 


ie, if A = 


where aj and by are simple matrices. Here order of aj = order 
of by; 1Si Ss and 1 Sj St. 


We illustrate this by some examples. 
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Example 2.16: Let 
a a a a 3 I 1 I 
A _ 11 | 12 13 | 14 where ait = ai = | 
ay, | Ay. | 453 | An, 1 01 2 


1 0 1 1i1éidi2 
ai3 = » a4 = t= LOTT |) a= [3], 


0 1 001 0 
a23 = [1 q and ar4 =[5 110 ]. 


The natural order of A is 3x10. 


The matrix order of A is 2x4. 


Take a neutrosophic super matrix B of natural order 3x10 
and matrix order 2x4 given by 


= b | b, | b, | | 


Big Dog | Base Bas 


Since natural order of matrix aj = natural order of bj, for 
eachiand j, 1 <i<2and1<j<4andas A and B have same 
natural order as well as matrix order. We can add A and B. 
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3. Tad? 61) WE Oe oe as eT 
A+B=/2 0 2 13/2 2/012 1 Ol. 
I 15 1+1|5|2 OG: 1. 5 4 2 


We see A+B is also a neutrosophic super matrix of natural 
order 3x10 and matrix order 2x4. 


It is important to mention that even if A and B are two 
neutrosophic super matrices of same natural order and same 
matrix order yet the sum of A and B may not be defined. 


This is established by an example. 


Example 2.17: Let 


EE Od: 2-3). 

Lt 00> 993) te, oe 
a-|oa]t 2 afro -|* =< =| a 
5 0/1 I OJl 1 eae ea es 

12 3/4 0 I|1 1 
Se ie 23/23 I LD 
0 1 4/2 O11 0 
1a Gee ae a Pt] 
1D. 23/334: ae are as 
Oats Ss Alea 


be two super neutrosophic matrices of natural order 5x7 and 
matrix order 2x3. Clearly A+B, i.e., the sum of A with B is not 
defined as aj, 4 bu, a2 # bp, a, # by, and an2 # by. Hence the 
claim. 


Thus we can restate the definition of the sum of two 
neutrosophic super matrices as follows. 
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DEFINITION 2.7: Let A and B be two super neutrosophic 
matrices of same natural order say mxn and matrix order s xt. 
The addition of A with B (B with A) is defined if and only if the 
natural order of each ay equal to natural order of bj for every 
1 Si Ss and 1<j St. 


aj, | | ay bi, 
and B = 


where aj; and bj; are simple matrices or the component 
submatrices of A and B respectively; 1 <i Ss and 1 <j St. 


On similar lines the subtraction or difference between two 
neutrosophic super matrices can be defined. 


Another important fact about the addition of neutrosophic 
super matrices is that sum of two neutrosophic super matrices 
need not in general give way to a neutrosophic super matrix it 
can be only a super matrix. 


We illustrate this by an example. 


Example 2.18: Let 


10 5/1 2 1 6 0/-I 1 
I< Ge a Oi As Q9e eat 

Pe Pip Ge See ake a4 
6 7 8/9 0 Gr torial 


be two super neutrosophic matrices of same natural and matrix 
order. 


Since each of the corresponding component matrices are 
equal their sum is defined. 
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26 5|0 3 
13 3/6 0 
Now A+B = 02 3 3 
6 8 10/10 2 


We see A+B is only a super matrix and is not a 
neutrosophic super matrix. 


Now we can have the following type of super neutrosophic 
matrices. 


DEFINITION 2.8: Let 


be a type A super vector where each V;’s are column 
subvectors; 1 Si <n. If some of the V;’s are neutrosophic 
column vectors then we call V to be a type A neutrosophic super 
vector or neutrosophic super vector of type A. 


We illustrate this by some examples. 


Example 2.19: Let 
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V is a neutrosophic super vector of type A. 


Example 2.20: Let 


| I 
— 
V, 
0 1 
v=|7|=/ 0), 
V; 
pee 
a ioe 
I 


V is a again a neutrosophic super vector of type A. All super 
vectors of type A need not be neutrosophic super vector of type 
A. 

We illustrate this by an example. 


Example 2.21: Let 
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be a super vector of type A. Clearly V is not a neutrosophic 
super vector of type A. 


Example 2.22: Let 


= 

I 

i 
Soc 


be a super vector of type A and is not a neutrosophic 


supervector. 
Vv, 
Let V = | V, | be a super vector of type A. 
V. 


3 


The transpose of V is again a super vector which is a row 
supervector given by 


Vi= [3014/12/978]=[V. Vv; Vy]. 


We now define neutrosophic super vector of type B. 


DEFINITION 2.9: Let T = [aj;; | aj2| ... | Ain] be a neutrosophic 
super vector where aj is a mxm; matrix 1 Sisn. Tisa 
neutrosophic super vector of type B. We call the transpose of 
this neutrosophic super vector of type B to be also a 
neutrosophic super vector of type B. 
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We illustrate this by the following examples. 


Example 2.23: Let 


—- Nn © 
me mee NO 
Ny OF 


- © 
Ww 


f 
ef 2S 2 
II 
SH Re Ee CO] CO 
NF Oo 
An BW © 


A is a neutrosophic super vector of type B. 


Example 2.24: Let 


213 5 6 

b 0: b0°3 

4°70 36.9 

G01 04 

100 2 3 

01 4 5 0} fA, 
A=|17 03 1 1/=JA, 

S207 i te h),! (ae 

1610 0 

0: 2 SF Th 0 

i ros 

23612 

3 1013 


A is a neutrosophic super vector of type B. 


26 | Neutrosophic Super Matrices and Quasi Super Matrices 


We wish to say super vector of type B are in general not 
neutrosophic. 


We illustrate this situation by an example. 


Example 2.25: Let 


gia) 4 
eae | 
ae 
4 0 2] [A, 
AS i 16S As |, 
78 9| |A, 
ies 
4 5 6 
78 9 


A is only a supervector of type B which is not a 
neutrosophic super vector of type B. 


We define the transpose of a neutrosophic supervector of 
type B. 


DEFINITION 2.10: Let 


be a neutrosophic super vector of type B. 


The transpose of A denoted by 


t 
1 


A 
A= a =|4 4 + ‘| 


A 


b 
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here each A; is a neutrosophic matrix which has same number 
of columns. A is also a neutrosophic super vector of type B. 


We illustrate this by the following example. 


Example 2.26: Let 


00 A 
1 2.3 
98 7 
7 6 0 
s 9 4| |“ 
ae Ge oe Fi 
pea Gil PES 
3 9 0 
5 ei 
io 


be a neutrosophic supervector of type B. 


A, 
A‘=/A,| =[Ap AS Aj] 
A, 
B19 PBA D5 Sa 
=|0 2 8|69 479 2/2 
1:3°710°4.0 10° 1/3 


is again a neutrosophic super vector of type B. 
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As in case of neutrosophic super matrices we can define the 
sum of two neutrosophic super vectors of type A and type B. 


DEFINITION 2.11: Let 


a; 
A, 
A= =e 
a_i A, 
a, 


be a neutrosophic supervector of type A. 


Let the natural order of A ben x 1. 


by 


Suppose B =| : |= 


b 


n 


B is also a neutrosophic super vector of type A of same natural 
order sayn x 1, 


The sum of A and B denoted by A+B is defined if and only if 
the natural order of A; is equal to the natural order of B; for 


every i, 1 = 1,2,..., mi.e., both the matrices A and B have same 
matrix order. 


We illustrate this by the following example. 


Neutrosophic Super Matrices | 29 


Example 2.27: Let 


0 I 
1 0 
I A, 1 B, 
A=| 0 [= A, | and B= 1 [= B, 
2 A, 1 B, 
> = 07 
I 2 


A+B= 


=S =| — OS 
— 
+ 
— 


ae Wl nN CO] es KF SO 
a 


N © 
N 
+ 
— 


Clearly A+B is also a neutrosophic super vector of type A same 
natural order and matrix order that of A and B. 


We can define also the subtraction of neutrosophic super 
vector of type A. Now A-B is calculated. 
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[ 0 [ I [ -I 
1 0 1 
I I-1 
ABA 0s: S|) ake a et 
2 1 1 
3 0 Se 
I 2: I-2 


We see A-B is also a neutrosophic super vector of type A of 
same natural order and matrix order as that of A and B. 


However we wish to state that sum of difference of two 
neutrosophic supervector of type A need not always give way to 
neutrosophic super vector of type A it can also be only a 
supervector of type A. 


We illustrate this situation by an example. 


Example 2.28: Let 


I —I 
1 1 
0 0 
2 1 
A=| 1 |andB=| 4 
I —I 
0 2 
a a 6 
3 0 


be two neutrosophic super vector of type A. 
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I =I 0 
1 1 2 
0 0 0 
2 1 3 
A+B=/} 1 |+] 4 |=] 5 
I -I 0 
0 2 2 
ee We a 
3 0 3 


is only a super vector of type A and not a neutrosophic super 
vector of type A. 


We just indicate by an example how the minor product of 
type A neutrosophic super vectors is carried out. 


Example 2.29: Let 


A=[310]1214]0I][A; A> As] and 


So NIO NF Ole Fr Oo 
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The minor product of AB=[310|]1214|0T] 


OoONIO NF Ole Fr Oo 


; 0 
=(310)/1/4+[1214] ; “on|) 
I 2 0 

0 


= {3x0 + Ix1 + OxI} + {1x0 + 2x1 + 1x2 + 4x0} 

+ {0x2 + Ix0} 
={O+1+0} + {072+ 250} +[0 +0] 
=1+4+0=1+4. 


Now in general minor product of A and B, two neutrosophic 
super vectors of type A may not be defined. If A is the 
neutrosophic super row vector of type A with A = [A,... Aj] 
with natural order 1 x n and matrix order 1 x t then if B is a 
neutrosophic column super vector of type B then the minor 
product of A with B = [Bj... B;]' is defined if and only if natural 
order of B is n x 1 and the matrix order of B is t x 1 with natural 
order of each B; in B is the same as the transpose of the natural 
order of each A; in A for i = 1, 2, ..., t or equivalently the 
natural order of A; in A is equal to the order of the transpose of 
the natural order of B; in B for eachi= 1, 2, ..., t. 
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Thus we see the minor product of a neutrosophic super row 
vector A with the transpose of the A is well defined for all the 
conditions required for the compatibility of the minor product of 
neutrosophic super vectors of type A are satisfied. 


We will illustrate this situation by some examples before we 
proceed onto define more types of products on _ these 
neutrosophic super vectors of different types. 

Example 2.30: Let 
A=[1012|001|23101] 


be a neutrosophic super vector of type A of natural order | x 12 
and matrix order | x 3. 


Clearly A‘ = 


is also a neutrosophic super vector of type A for which AA‘, the 
matrix minor product is well defined. 


34 | Neutrosophic Super Matrices and Quasi Super Matrices 


1 
0 
I 
2 
nic 
AA'=[1012|/001|23101] : 
>= 
3 
I 
0 
| 1 
[2 
0 3 
=[1.012] ; +[001]]0)+[23101]/1 
‘ 1 0 
1 


= {1x1 + 0x0 + IxI+ 2x2} + {0x0+ 0x0 + Ix1} 4 
{2x2 + 3x3 + IxI+ 0x0 + 1x1} 


= {1+0+1+4} + {0+0+1} + {44+9+1+0+1} 


= {5+} + {1} + {14+ 
= 20+ 21. 


Thus we have the following theorems the proof of which is 
left as an exercise for the reader. 
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THEOREM 2.1: Let A = [A; A> ... A,J be a neutrosophic super 
row vector of natural order 1x n and matrix order 1x t. Then 


AA‘ the minor product of AA‘ exists (well defined). 

THEOREM 2.2: Let A be a neutrosophic super row vector of 
type A. If B denotes the matrix A without partition then 
AA‘ = BB’ 


Now for the same type A neutrosophic super vector A we 
define the major product. 


DEFINITION 2.12: Let 


A=|: | andB=[B,... B,] 
A 


t 


be two neutrosophic super vectors of type A. 


The major product of A with B is defined by 


A, 
AB=| : | [B,... B,] 
A, 
AB, AB, as AB, 
A,B, A,B, < A,B, 
A, B, A, B, eS A, B, 


Here each A; and B; are matrices for 1 Si Stand 1 Sj Ss. 


We illustrate this situation by the following example. 
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Example 2.31: Let 


and B=[260]| 11] 


be two neutrosophic super vectors of type A. 


AB= 


3 
2 
I 
2 [260/11 
0 


I 
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6 18 0/3 3I 
4 12 0/2 2! 
21 61 O/; I I 
=|4 12 0]2 2I}. 
0 0 0/0 O 
21 61 O/; I I 
[8 24 0/4 4I 
Example 2.32: Let 
| 0 
1 
I 
hoe 
A= ; and 
4 
1 
“i 
2 
3 


B=[01|120|3 40 | I 0] be any two neutrosophic super 
vectors of type A. 


We obtain the major product of the super column vector A 
with the super row vector B of the two neutrosophic matrices. 


GDN SI] BW NIL KF CO 
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[01|120|340|10] 


[3 4 0] 


[3 4 0] 


[3 4 0] 
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[0 0/0 0 OJ 0 0 OJ 0 O 
Od) Be COSS SAS OT: 80 
Oo I|I 21 0/31 41 Ol oO 
0 2/21 4 016 8 Ol2I 0 
_|0 3/31 6 0/9 12 0]31 0 
10 4/41 8 0/12 16 o|]41 o|' 
Ob i > a OND 
Ot.) f OF a6 ar ab Ol 0 
0 2/21 4 016 8 O|l2I 0 
0 3] 31 0/0 0 o]o 0 


Major product of two neutrosophic super vectors of type A 
is illustrated below by the following example. 


Example 2.33: Let 


,) 
3 
i 
ot a 
A=| 2. | andB=[301]|011] 
0 
caer as 
1 
1 


be any two neutrosophic super vectors of type A. 
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2 1 0 
[3-0-1] 3] Br Oe 1]] 2), [3 O11 

I 0 1 

BA= iz & iz 
2 1 0 

[On sE Tess Ont T]he 0s era 

bil | 0 | 


_ 3x2+0x34+I1xI 3x14+0x2+1x0 3x0+0x1+I1xl 
0Ox2+Ix3+I1xI Oxl+Ix24+1x0 Ox0+4+Ix14+1x1 


0+31+I1 0+21+0 0+I1+1 


_|6+! 3 1 
Al 21 1+1] 
Now we proceed onto define the minor product of 
neutrosophic super vectors of type B. 


ee 3+0+0 er 


We only illustrate this by numerical examples for the reader 
to understand the minor product without any confusion as it will 
involve lot of notations and symbols repelling non 
mathematicians away from using these matrices. 


Example 2.34: 
[Oo 1 
I 2 
2 1/3/0 1 I 75 
LetA=/0 0/0]1 0 O} and B= at be any two 
I OJ|I/0 0 1 
1 0 
2 1 


neutrosophic super vectors of type B. 
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The minor product of AB is defined as follows: 


0 1 
2 1/3/0 1 I aed 
AB=/0 0/0]1 0 0 no 
I O;IT;]0 0 1 ae: 
1 0 
[2 ol 
2 3 O01 I}y3 1 
=o of |+olp o}s]1 0 ofr o 
I 0 0 142 1 
I 4 3 0 1+2I I 
=!10 O}+/0 Oj4+} 3 1 
0 I 0 2 1 
4+31 4+1 
=| 3 1 
2+I 14! 


We from the numerical illustration observe the following 
facts. 


1. The minor products of neutrosophic super vectors 
of type B is always a simple matrix. It may be a 
simple neutrosophic matrix or may not be a simple 
neutrosophic matrix. 

B, 
2: If A = [A, ... Ai] and B =| : | are neutrosophic 
B 


t 
supervectors of type B, the minor product AB is 
defined if and only if 
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(a) the number of submatrices in A and B are equal. 


(b) The product A;B; is compatible, i.e., defined for 
eachi, 1 <i<t. 


(c) The resultant simple matrix is of order mxn 
where m is the number of rows of A; and n is 
the number of columns of B; which is the same 
for each A; and each B; 1.e., number of rows of 
A is the same as that of A; and the number of 
columns of B is the same as that of each Bj. 


We give yet another numerical illustration to make one 
understand the working. 


Example 2.35: 
00 1 1/1 0/2 1 #0 
LetA=/1 0 1 1/1 0{|0 1 2} and 

I 10 0]0 14/2 0 1 

[22 OTT sh. 

1 10 0 0 

00 1 1 0 

1201 1 

B=|0 1 2 3 I 

1200 1 

101 1 0 

20101 

3 101 1 


be two neutrosophic super vectors of type B. 


We now find the minor product of A with B. 
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[2 -0.1 13 
1 100 0 
00110 
00 1 1/1 0/2 1 O]]/1 201 1 
ABS |i 6-2-2 IE O10. E2010 1-2-3 
I 00/0 1 Oe | oe 20 0 
10110 
20101 
[Bo OS A 
201 1 3 
0011 1 0 
11000 0123 1 
=/1 0 1 +/I 0 
00110 12001 
I 100 0 1 
bd. Of). 4 
2 10/1 0 11 ~0 
+10 1 212 0101 
2011/3 10141 


1 2 I. tI4!1 1 01 2 3 I 
= 3 2 141 142 4)+/0 I 20 31 I 
2I+1 1 I I 31 12 0 0 1 


4 0 21 +1 21 
+48 2 1 2 3 


5 3 31+3 216 1+2 
=| ll 4+] 3142 41+4 [+7 
21+7 4 31 I+3 3142 
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Thus we see if A is a neutrosophic super vector of type B. 
the transpose of A is denoted by A‘ then AA' is just 
neutrosophic simple matrix or a simple matrix. 


We will illustrate this by an example. 


Example 2.36: Let 


5 1 2)/4 1/1 2 3 4 
0 1 0/1 T/T 1 2 3 
A Ae eB 0 OF i OO 
2 0 0/1 0;1 0 1 0 
I 15/0 1/0 1 0 1 


be a neutrosophic super vector of type B. We now find the 


minor product of AA‘. 
oe OS LO Ae oD 
11001 
[a= 1 24 ot TB Al 12: 0.3 0.9 
0 1 0/1 1/1 1 2 3/14 12 1 0 
AA‘'=|1 0 3/2 0/0 I 0 O}/1 1001 
2 0 O}1 O]1 01 Of} ]1 I 01 0 
LA, Ses AsO ga Ody) Pa aie IO 
32010 
14 3 00 1 
ae ee) [4 1 
0 1 0/5 0 1 fed i | 
=|1 0 3 1 ife]2 oft a 
2 0 O|]/2 0 3 5| {1 oft ? oo 
rea 5 0 1 
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1.2: 34 
110410 
I 1 2 3 
211041 
+40 I 0 O 
32010 
10410 
43001 
10 1 0 1 
[30 1 dt 10 Si411) [1% 5S 8 4L A 
iA. QF. Oy. TF SOP op a 
= 11 O 10 2 J4+15/+/8 2 4 21 0 
O 0 @ -&. QI AL - TD BE 10 
|SI+11 1 +15 21 1426 1 10 01 


| 30 20+1 21 4 = 614+I 
1+20 14+I I I[42 4 
+; 21 I I 0 I 
Ac “TR Qe 2 0 
4 [| 0 2 


77 26+1 19+2]1 14+41 5I1+18 
1+26 174+1 241 214+2 6 
= 19+2] 24+] 144+] 2420 21415). 
14+4] 2142 2+2] 6+! 21 
| 51+18 6 21+15 21 1+ 29 


We see AA' is a symmetric simple neutrosophic matrix. It 
is always a square simple matrix. This simple matrix may be 
neutrosophic or may not be neutrosophic but it is always 
symmetric. 


We give yet another numerical illustration. 
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Example 2.37: 


Let A be a neutrosophic supervector of type B given by 


0} 2 I 
2 010 


4 
2 


0 


0 


3 0 2 
03 0/0 I 0 0 


I 


0 2 0 
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10 


11 


2I 


31 


21 1+I1 O 
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674+1I 15421 40421 18+I 
154+2] 114+I 12471 84I 
40+21 12+71 52+21 12+31] 
18+I 8+I 12431 1342I 


AA' is clearly a neutrosophic square symmetric matrix of 
order 4. 


Now we proceed on to illustrate major product of 
neutrosophic super vectors of type B by an example. 


Example 2.38: Let 


[3 1 0 

124 

I 0 1 
1) Gil ase: 

012 
A= andB=|2 1/0/1 1 00 2 

6 01 
0 1/1/0010 1 

102 

P.O 

I 0 0 


be two neutrosophic super vectors of type B. To find 


3 1 0 

1 2 1 

I 0 1 
1 0/1);3 01 2 1 

0 1 2 
AB = 2 1/0;1 1°00 2 

6 0 I 
0 I}1j;0 01 0 1 

1 0 2 

3 1 0 

I 0 0 
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1 0 1 BO 271 
3 10 3 10 3 10 
Be el Ge 
0 1 1 00101 
iO) 1 30121 
[1 0 1/2 1 1 a bef oa 
= 0 1 1 00101 
[0 1 2 [Oo 1 2 OA 2 
6 0 I]1 O]]/6 0 If1jjj6 0 173 0 1 2 1 
10 22 1]/|/1 0 2} 0])/1 0 21 100 2 
3 1 O00 I}]}3 1 Off 1}]/3 1 Of0 0 107 
lI 0 0 11 0 0 [1 0 0 
[> 4 3 {10 1 6 5 
5 2+I1} 2 |5 2 2 4+! 
I I |{1+1/31 0 I+1 21 21 
—/2 1421; 2 |1 1 2 O 2421 
160 TL [641/18 0 6+1 12 641 
1 2 | 3 3 0 3 2 1421 
Si BNO Be: ae. 
I 0 138-0. Te 2k oa 


AB is clearly a neutrosophic super matrix. It may be a super 
matrix not necessarily neutrosophic. 


Now we illustrate the major product of neutrosophic super 
vector of type B by an example. 
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Example 2.39: 


Consider the two neutrosophic super vectors. 


21041 
0110 
1 I 00 
1 00/1 0/0 1 01 
I 01 0 
0 I 0/0 O}1I 0 0 0 
A=!/0 0 1 JI] andB= 
0041/0 0/0 01 0 
1 I 00 
00 0/0 IT}/0 00 1 
000 1 
1 00 0 
000 1 


The major product of the neutrosophic super vector A with the 
neutrosophic super vector B is described in the following: 


E> A>, “OFT 

0110 

1 I 0 0 
10 0/1 0/0 10/7 

I 010 
0 I O]0 O|T 0 0 0 

AB=|0 01 I 
00 1/0 0/0 01 0 

1 I 0 0 
00 0/0 1/0 00 1 

000 1 

100 0 

000 1 
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re 10 Oll- r1 oll- 1 Of 
101 101 101 
010 00 1000 
110 110 110 
001 00 0010 
0100 10 100 
t 10 0 Oj] ~ [0 I}]- 10001 
[1 00 [1 0 (0101 
|{1 0 1 OJO I O//{1 01 OfO OF/J1 01 OJ 1 000 
“|[0 01 1]0 0 1/|[0 01 Ifo o}/[/001 Ifoo10 
10 0 0 [0 I 10001 
110 0/1 0 oOj|/f1 1 0 Of1 ol/f1 1 0 Ofo 1 OT 
OO0OO0TIOI oO] O00 T/0 O}}O00 111 000 
100 0/0 0 1//}1 0 0 Of0O O/}/1 00 00 010 
000 1/0 0 0], /0 00 1]0 Ij///0 00 1Jo001 
| 2141 


or CO FIO FIO CO WN 
coo Oo FIO Ol RH ee 
or CO FILO FIO CO WN 
— SS = OL SS Ol Oo SO 
ooo RI] CO OOl Re 
or CO FILO FIO CO WN 


coo co Ol KF | oO KK CO 
meee] OOOO 


a 2 8 ee a) 


We see AB is also a neutrosophic super matrix. 


Now we illustrate by examples the major product of a 
neutrosophic super vector of type B with its transpose. 
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Example 2.40: Let 


be a neutrosophic super vector of type B. 


Now the transpose of A denoted by 


3 0 1/1 0/0 101 0 
A'=/|0 I 0/0 0/0 010171 
10 0/0 I/1 001 0 
13 0 1 
0 1 0 
1 0 0 
1 0 0 
3 0 1/1 0/0 1 0 
5 OO oT 
AAt= 0 1 0/0 0j0 0 1 
00 1 
10 0/0 I/1 0 0 
1 0 0 
0 1 0 
I 0 1 
0 1 0 
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a a) or © 

= oO 4 = oO 4 = Os 
on O;son Oo =) 

—47 oO OCO;n Oo CO >) 

i= = a (iad ined ean ic = Dy 
“4 Oo oO oO 74 oO oO CO 
on Oo oo eo 
if axe ae c at ic See raat 
ee oO oOo 

i = an] = 2 = 2 eat 
-“ Oo oO oOo -—“ Oo Oo nO 
Cor OC Co Oo ee 
i = ma — Fi i TS Sy 
-“ Oo Oo; oOo O&O =“ oOo Oo 
oe O]O Fe O&O or oO 

i = ary (ness = ea pa 2 ae 
a) oO 74 Oo CO 
or OG oo oo CO 
noo 4 a) 


0 


3 0 3I41 


1 


1 


I 


1 


0 


I 


0 3/3 


10 


I 0;0 0/0 0 


0 


0 0/0 I 


I 
1 


0 0/0 I 


I 0};0 0/0 0 


0 
31+1 


I 0;0 0/0 0 I 


0 


We see in the first place AA’ is also a neutrosophic super 


matrix. Further AA‘ happens to be a symmetric neutrosophic 


super matrix. 


Thus as in case of usual matrices we get in case of 


neutrosophic row super vector A of type B, AA’ happens to be a 


symmetric neutrosophic super matrix. 
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We illustrate this yet by an example as we are more 
interested in the reader to apply and use it, that is why we are 
avoiding the notational difficult way of expressing it as a 
definition. 


Example 2.41: Let 


HK oC Oo 
ooor 
a) 
orROorF 
orreo 
a => eo) 
= =+ Oo 
coors 


be a neutrosophic super vector of type B. 


At= 


oroloreoro 
- OO Flr OF CO CO 
or Of; Fr Oo CO oO 
el ee 
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Now we find 


000 I 


0 0 0 


00 0 I 


0 0 0 


We see clearly the neutrosophic super matrix is symmetric. 
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We get yet another example. 


Example 2.42: 


0 0 0 
1 


0 


00 0 


I 0 0 0 


200 0 1 


0 


0 0 


Let B= 


be a neutrosophic super vector of type B. 


0 


1 


0 0 


0 


1 


0 


3 


0 0 Oj! 


1 


I 


Consider 


1 


0 


1 


I 0|0 0 


0);0;0 0/0 


0 0 0 
1 


0 


0 0 0 


200 0 1 


0 


0 0 
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[i xe ee ee I eG on ee 
747 OO RM Oy Oo Ot CO 


So OS Se ee 


| =e — | ae | = =a 
om oO — © o Oo 

a4 oH CO oO oOo Oo Oe 

- Oo OS () oo“ an) 
>) al oO a) 
no Oo N © on 
| — [enema Ren | | 
Se ee ES ee 


o on oocoy}oonTnr eo Oo 


OV SS sit | Oe SO: eas 


0 


0 
1 


0 
0 
1 


11 


1+I 


2+1/0/44+1I 0/0 2] 


I 
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It is easily verified BB’ is again a neutrosophic super matrix 
which is symmetric. 


Example 2.43: 


Let A= 


a ED EY SD) 


Now AB = 


or rR O&O 


or FP OCO!1CO N 


_—— SO 6S 

1 
Co re 
— | 


60 | Neutrosophic Super Matrices and Quasi Super Matrices 


| 
ooococlcUcmll/lmcCOmlUCO 
or rF O]1C N 
or rr O]1C N 
ooococlmcUcmWllcmlCUlO 
or rr O1C WN 
ooococlcUcmWllcmlCUlO 
orr O1oCo WN 


We see AB is a super matrix. Clearly AB is not a neutrosophic 
super matrix. 


Thus it is pertinent to mention here that the major product 
of two neutrosophic super vectors of type B need not in general 
be a neutrosophic super matrix; it can only be a super matrix. 

This is seen from example. 

Now we proceed onto show by a numerical example how 
the minor product of two super neutrosophic matrices which has 
a compatible multiplication is carried out. 


Example 2.44: 


Let A and B be any two super neutrosophic matrices, where 


f1 0 0 1/0 Ojo 1 0 

010 0/0 1/0 1 0 

10 0 I{1 O]1 0 0 
A= 

100 0f0 1f1 0 0 

010 1/0 ojo 1 0 

[oo 1 Of1 Of1 0 1 
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[1001|00|010]+ 


0 


1 


0/0 0 


AB= 


=+ o1]oO nA ee Ole 


Sn Et SS. 
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So oS oe 
om Oo 
= oO 
ra SS 
oo 
or oe ae 
oS Oo. 
a 
i) 

or] Oo CO oO 

SS a 

Sn TL et Se 

+ 


— — — 
oO Oo oOo 
Ll —_ —_ 
=) 
i=) oS 
a > IS. 
a NITRO CoO OTM 
L i 
a —~. — 
So fo) (=) 
=) oS i=) 
aS | as 0 
a NIR Oo CoO OTM 
L i 
— —_— = 
i=) oS i=) 
=) =) =) 
be — = 
Co — — 
= AIR oo OTM 
L i 


So oS coo 
“4 © “4 © a © 
(eee oui So 
rs | ae | ———a 
=—¥ Oo |o A we Oo aa 
orls- = C&C S&S oS 
l ] ] — 
Ee | a | -— 
“4 © “4 © an oS 
(ee a aa So 
SS I i ——ae 
=—¥ Oo |o A we oO aa 
onl we OO o 
l ] ] — 
~~ 1 | ae 
ox orn om 
a) oo S36 
— © et ES: — a 
eee aes Sr 
ac esi -> ==) = cad. a 
=x Oo ]/oOo 7A a CO rl 
Co =—a = CO So 

;{ = 
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oO = - Oo Oo fo SS 
“= oO oon es r—) 
(ey. ees — 
a) i) oS oS! 
eon] Ser tloox 
OH —=—ooo| = 
=“ oO So. 4.4 o 
fe eee Sy —_ 
on oO — i) =. ta to 
oon oon Aces Sy 
one a) SoS 
=o co] peo, tice 
ae coos) = 
4 Oo oom He o 
Se Lt Se, =, 


co o}Co oo Co!/o 
So alae CO CO]O 
=+ O1O ss He Ole 
ee be) 
= oO/C = = Olas 
=—+ O1O SH Ole 
co o}Co co CO CO]O 
So aI re CO CO]O 
s+ O1O a A Ol 
L ie | 


0 
0 


I 
I 


100 1/0 0/0 

20 0 2}/0 0/0 21 0 
I 0 0 1j/0 0/0 

000 0/0 0)/0 0 0 
000 0/0 0)/0 0 0 
000 0/0 0)/0 0 0 
3 0 0 3/0 0)0 31 0 
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I 1+I 
1+I 21+1 


Thus the minor product is again a super neutrosophic 
matrix. 


We give yet another illustration. 
Example 2.45: 


Let A and B be two neutrosophic super matrices where 


and 


" 
SElOoOrR OHIO 
= oO = oo — | = -S 
Nl Oe NIO 
o;}or oO FIO FR 
e| Oo Se RF Of] rN 
SH OO F|oO SO 
e!o oOo rF Ole O&O 


wo 
ll 
orFOoF|H oO 
or Fr OO BR] eR 
Corr CO|O RIO 
FP OO. CO] CO) 0 
— a See CO 


ee ed ee 
el ee el 


Neutrosophic Super Matrices | 65 


I 


1 


0 


0 


0;1I 0|0 


0 


fe eo, ee ee 
7A COINS Oo TAIN 


Se at SS CS 
l ] 


fo) 2 ae SP ee a el 
ie ols oO Sule 
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Here the usual product of each submatrices are performed 
and we see in this minor product of neutrosophic super matrices 
each cell is compatible with usual product of submatrices. 


fo 1]/0 1]|fo 1]f1 0 1 Oj]fo 1]f1 
| I AF 4 | I Ak 1 0 [I slo 
iL 2 [a 2 ik 2 
talealteale cette sale 
I O/T Of f||1 OO 1 0 Of}f|1 Offo 
[oO 1 10 1 10 1 
[1 at ‘ [1 a 4 [1 a4 

I 0 010 0 0 
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0 0 


0010 


oO Fl OOF Ole 
co ol}Co oo Co};oO 
So S14 OOS Ole 
a COINS Oo MIN 
Co Fl OOF Ol 
So S144 OOS Ol} 
= i) q +H Oe q 
+ 
TOR OH OF! 
co o}Cco co Co CO}]O 
co o}Co oo CO];/oO 
=—+ Ol Oe Ole 
= Ol]; Oo ft Ole 
asa Ole CO HH Ole 
ee ee) 


1 
I 


2 0 
I 


1 


1 


0 


1 

1 

I 
1+I 


1 
0 
0 


1 


1 
I 
I 


0 


1 


0 


0 


1 


1+I1/0 0 I4I 


I 


+| 0 
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[ tI 3 Eek Dak 2 1+1 
0 1+I I 0 1+I 21 
2421 [42 ]2I14+1 143 1+I 24+2I 


We see AB is again a neutrosophic super matrix under the 
minor product of neutrosophic matrices. 


Now we show the minor product of a neutrosophic super 
matrix with its special transpose can be defined. 


Let us first illustrate by a few examples the special 
transpose of a super neutrosophic matrix. 


Example 2.46: 
j2 1/3 12 10 
1 1/0 1041 1 
0 1/1 1 1 0 2 
Let A= 
3 Ij/1 01 0 1 
01/0 10 1 +0 
I 1/1 01 0 0 


be a neutrosophic super matrix. 
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Now the special transpose of A denoted by A' is given by a 
neutrosophic matrix. 


2 Pr-O Oe 4 
Lo ANE aa 
3 0 T/1/0 1 
A'=/1 1 1/0/10 
20 1/1/0 I 
I 1 0]/0]1 0 
[0 1 2]|1]|0 0 
Example 2.47: 
[2 10 0 0/3 0/3 2 1 0 
015 2 1/1 1/0121 
PBT | he BT Or D2 
0101 0/1 6/0 120 
LettA=|1 0101/2 1/1 2 3 0 
05 30: COO Tae A 2. 
10041 1/0 2/1 0 2 3 
Oo Ae Ae 0 De EO. ei 
1010 2/3 1/1 101 


be a super neutrosophic matrix. 


To find the transpose of the neutrosophic super matrix A we 
take the transpose of each of the submatrices in A. 
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207 0/1 O|1 01 
1 1 8 I]0 0/0 I 0 
05 9 O}JI 1/0 1 1 
02 0 1]/0 0}1 0 0 
0 I 7 O}1 O/]1 I 2 
A‘T=/3 I 1 I]2 1/0 1 3]; 
OF 1 2" Gade a 
3 0 I O]1 I]1 0 1 
De PO Dulas oe nO: VE a 
152? 2S. DAN T2 
OF 2. OO VP SoBe 7 


clearly A‘ is also a neutrosophic super matrix. 
A‘ will be known as the special transpose of A. 

Clearly if A is a neutrosophic row super vector of type B 
then the special transpose of A, A‘ is a neutrosophic column 
super vector of type B. 

Similarly if A is a neutrosophic column super vector of type 
B the A' the special transpose of A is a neutrosophic row super 
vector of type B. 

We illustrate this by a few examples. 


Example 2.48: 


Let A = [2 10|11110]| 0310] be a neutrosophic super 
row vector then 
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2 
1 
0 
i 
1 
A‘= , A‘is a neutrosophic super column vector. 
0 
0 
3 
I 
[0 
Example 2.49: 
Let A= a neutrosophic super column vector. 


Then the special transpose of A; A'=[361120|1110|21]. 
Clearly A‘ is a neutrosophic super row vector. 
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Example 2.50: 
3 1/0 1 IT]3 1 2 =I 
1 2/1 0 4/0 1 2 3I 
Let A= 
I O;/I 2 3/41 2 0 1 
0 1/4 31 OJ 1 1 0 ~=1 


be a neutrosophic super row vector of type B. 


Then A‘ the special transpose of A. 


That is if A = [A; Az A3] we see A‘ = [Ai AS AS | and the 


row vectors are arranged as column vectors so that the number 
of columns of A is equal to the number of rows of A’. 


3y. 1s TE 10 
12 0 1 
01 1 4 
1 0 2 31 
A‘=|I 4 3 O 
3 0 41 1 
i *J- 2 
2. 22 0 
I 31 1 


is neutrosophic super column vector of type B. 
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Example 2.51: Let 


0 I 1 2 #0 
1 00 1 0 
1 01 0 I 
2 3 45 0 
0 10 1 2 
re -1 0 0 1 SI 
-71 0 2 1 -3 
0 101 41 
1 1111 
I I I I 3 
2 04 1 =O 
oe 1. 22.3; 1 


be a neutrosophic super column vector of type B. The special 
transpose of A is 


[CO] eo eS OS SFT Or 0 OE Sas 
1/0 0/3 1 0} 0 111 0 1 
A‘=|1/0 1/4 0 0 011 4 2 
2) 1 OS FE. 111 1 3 
0/0 1/0 2 51/3 113 0 1 


We see A' is a neutrosophic super row vector of type B. 


We now illustrate the minor product of the neutrosophic 
super matrices A with its transpose. 
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Example 2.52: 


1 


0 2 0 


0/0 


0/0 I 


1 


0 


1 


1 


0 


0 | 2 


4 


0;3 0/0 0 I 


0 010 


I 


2 0 


Let A= 


be a neutrosophic super matrix. 


To find the minor product of A with A‘. 


1 


1 


0 


3 


0/0 


0 


0 I 2)3 


1 


1 


0 


2 


At = 
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0 


0 0 


2 


1 


I 0 0 


0 


0 


I 


0/0 I 


0/0 


0 


I 0 0/0 


1 


0 


0) 2 


1 


0 


3 


0/0 


0 
0 


1 


0 


0 


1 


| 
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0 2 0 
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1 0 1 0 1 0 
0 11 0 I 2///0 11/3 0 11 01 
I O10 1 0 II/II OV OTJ/I Oof2 1:0 
2 4 2 1 2-4 
1012 3 1 01 
+| [3 0] [3 0] [3 0] + 
0101 0 210 
L.-2 Po 22 
1012 3 ‘iat aes 
0 1 0 1 0 1 
0101 0 210 
1 0 1 0 1 0 
fo10n [0] ro ml 
Ok 2201 01201 01201 
1010 0 010 
10010 10010 10010 
2010 I 200 
01101 Ot 0m 01101 
0101 0 O1tr 
10012 10012 je to a ee) 
ba 0: 2 [1 [1 0 0| 
fo 10T| [0] [1 0 J] 
1010 0 010 
[0010 I]2 01 0} | [0 01 0 II|| [0 01 0 2 0 O 
0101 0 011 
[O12 || |1 0 0| 
fo 1071] [0] [1 0 T] 
10201]1 OI O}//1 0 20 1}0 02011010 
0101 0/201 O}//0 1 01 O1/}|0 101 0/200 
1001 0/010 1}}/1 001 Ofo 001 0/011 
ice 22 1 | LI 0 oJ} 
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[10 0 4 12/0/1 31 3 101 2 1041 
I 0 ITJI}I oO 21} }0 1 0 1 2 1 0 
0 2 4/0/1 I 1 I 0 I 2F/31;1I 0 I 
12 I 4 17/1]1 41 6 2 1 21 5/6)4 1 2 
0 1 O. 0ltlt © 2| 40.30 6191s. 0 3 
1 I 1 1/1;2 0 2 12 1 4;)3}5 2 1 
31 0 I 41;/0/0 I I 01 0 1/0/2 1 °0 
ean aa 3 72s De Se Oe es ed es Mee ba | 
[ 6 0 341 2 |21+1|/ 5 1 0 
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2 14+I 2 I+5 2 I+2 1 2I 
is 21+1 O- I+4l 2, 14+I |2I+1 0 O 
5 1 I1+2/2I+1/ 6 0O I 
1 1 1 0 0 2 I 
| 0 21 21 0 I I 21 
17 QO 7421 16 |44+21) 7 3141 4 
0 3+] 0 242I I 3+I 2 4] 
74+2I 0 4+21 6421 | 4141] 441 2I 1+I 
| 16. 2427 6421 1427 9 I4+7 4142 842I 
—|442r oT 4141 9 |it+1[5+21 0 5 | 
7 34+IT 441 [47 |54+21} 13 2 3+] 
3I+1 2 21 414+2) O 2 34+1 2I 
4 4] 1+I 84+2I 3) 3+ 21 64+2I 
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It is clear that AA‘ is a neutrosophic super symmetric 
matrix. 


Thus minor product of a matrix A with its special transpose 
A‘ gives a super symmetric matrix. 


It is pertinent to observe A is not a symmetric neutrosophic 
matrix. 


Hence A' is also not a neutrosophic symmetric super matrix 
how ever the product is a symmetric super neutrosophic super 


matrix. 


We give yet another example. 


Example 2.53: 
[3 0 1]0 4 0 0j]0 10 1 
0 10/0 01 0/0 101 
6 00/0 001/000 1 
7 10/1 10 0/0 01 1 
10 0/1 01 0/1 1 0 0 

ae ee a a a a 
1041/0 I 0 O]1 0 00 
0 11/0 0 I 0/0 1 0 0 
4 00/0 101/000 1 
10 0/1 00 1/1 00 0 
0.2L OD) 0.10 1:00 
100/0 1041/0001 


be a super matrix. 


To find the minor product of A with 
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0 0 I 
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0 
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00 1 0 


1 


1 


3 0 6|7 


I 0 0/0 0 
0 0 0 
4 0 0 


0 


0 


0 0 010 


0 0 0 


product of A with A‘. 
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0 0 I 


1 


0 


0 


1 


00 1 0 


1 


1 


3 0 6|7 


I 0 0/0 0 
0 0 0 
4 0 0 


0 


0 


0 0 010 


0 0 0 
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0001 0001 001 
00 1/4 0010 0\[+ 1101 
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010 01001 0010 
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001 00100 1101 
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(01 0TJoo0 o||fo 1 OTf1 110 0///01 0OTf0110 
LOO 140 O}]1 001/11 0O0T OL 00 1/1001 
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110 01101 0010 
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We see the minor product of a neutrosophic super matrix A 
with its transpose A‘ is a symmetric neutrosophic super matrix. 


The entries in these super matrices can be replaced from the 
dual number neutrosophic rings, special dual like number 
neutrosophic rings, special quasi dual number neutrosophic 
rings and special mixed dual number neutrosophic rings. 


Chapter Three 


SUPER BIMATRICES AND THEIR 
GENERALIZATION 


In this chapter we introduce the notion of super bimatrices or 
equivalently will be known as bisuper matrices. The study of 
bimatrices has been carried out in [6]. Here we define super 
bimatrices and generalize them. 


This chapter has two sections. Section one defines super 
bimatrices and enumerates a few of their properties. In section 
two the generalization of super bimatrices (bisupermatrices) to 
super n-matrices (n-super matrices) is carried out (n > 2) when 
n = 2 this structure will be known as bisupermatrices or 
superbimatrices. When n = 3 we call it as trisupermatrix or 
supertrimatrix. This can be made into a _neutrosophic 
superbimatrix by taking the entries from (Z U I) or (Q U I) or 
(RUD or (CUD or (Z, UI). 


3.1 Super bimatrices and their properties 
In this section we introduce the new notion of super 


bimatrices (bisuper matrices) and enumerate a few of its 
algebraic properties and operations on them. 
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DEFINITION 3.1.1: Let A = A; U/A2 where A; and A> are super 
row vectors of type A, A, = (aj, Az, «1 Ay | Aptee | «1. | Am + An) 
and A, = (bj, ..., bs | Ds. |. | by .. 6). Then we call 
A =A, UA) to be a super birow vectors (bisuper row vectors 
or super row bivectors) of type A if and only if A; and A; are 
distinct in atleast one of the partitions. 


We illustrate this situation by some examples. 


Example 3.1.1: Let A= A, U A, =(301|1104|-5|7831 
2) 0|3 121104] 610). A is a super row bivector 
(bisuper row vector) of type A. 


Example 3.1.2: Let A= A; U Ap =(00/000]...;000)U 
(00000|00000|00), A is a super row bivector of type A 
also known as the super row zero bivector of type A. 


Example 3.1.3: Let A=A,UA, =(111{111111)11) 
Ud 1{1111]111111 1); A is a super row bivector of 
type A. Infact A is also know as the super row unit bivector of 
type A or bisuper row unit vector of type A. 


Example 3.1.4: Let A=A,;U A, =(310 |45]/11125)U 
(301|45|1 1125); A is not a super row bivector for A; and 
A: are not distinct. ITA =A; UA,=(3/10 45/11125)U 
(30|1451 | 11125) then A is a super row bivector of type 
A. 


Now we proceed on to define the new notion of bilength of 
the super row bivector of type A. 


DEFINITION 3.1.2: Let A = A; UAz = (@, ... | oe | | poe Ay) 
U (b; ... |... | «| Bs ... b,) be a super row bivector of type A 
where both A; and A; are of length n but they are distinct in the 
partitions. We say A is of bilength n and denote the bilength by 


(n, n). 
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IfA =A, UA> = (a; sale | ide? | | Ay... An) U(b; ins | eles | .e| 
b, ... b,) be a super row bivector of type A (m #n) then we say A 
is of bilength (m, n). 


We illustrate this by some examples. 


Example 3.1.5: Let A= A, U A. =(1023|/56789|21)U 
(0 120|]10927]|5 3) be a super birow vector of type A. We 
say A is of bilength (11, 11), i-e., this super birow vector has 
same bilength. 


Example 3.1.6: Let 
A=A,VA,=(010/253]110)UG120|21]5) 


be a super birow vector of type A. A is of bilength (9,7). We 
see this super row bivector has different bilength for its 
component super row vectors A, and A». 


We can define the notion of super row bivector equivalently 
in this form. 


DEFINITION 3.1.3: Let A = A; UA, if A; and Az are two 
distinct super row vectors of type A, then we call A to be a super 
row bivector of type A. 


Now we proceed onto define the notion of super column 
bivector of type A (super bicolumn vector or bisuper column 
vector of type A). 


DEFINITION 3.1.4: Let A = A; UA where A; and A) are super 
column vectors of type A which are distinct. Then we say A is a 
super column bivector of type A or bisuper column vector of 
type A or super bicolumn vector of type A. 


We illustrate this situation by the following examples. 
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Example 3.1.7: Let 


A=A,UA)= 


YN Ol]lrR Re RIL OR WD 


iS 
Ne wlo an J) alu 


be a super bicolumn vector of type A. Clearly A; and Ag are 
distinct. 


Example 3.1.8: Let 


A=A,;UA)= 


oolrownooo#a6#enocool1igeooo 
C 
ooocoolroecj#jceooooloeeo.;o 


be a super column bivector of type A. We say A is the zero 
super column bivector of type A or super column zero vector of 
type A. 
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Example 3.1.9: Let 


= Ay U Ao. 


le ee 
i a a i 


A is a super column bivector of type A known as the super 
column unit bivector of type A. 


DEFINITION 3.1.5: Let 


A=A, UA) =| —|uU] — 


be a super column bivector of type A. If (m #n) then we say A 
is of super bilength (m, n). 


Ifin A = A; UA? where A, and A; are distinct super column 
vectors, if the length of A, is the same as that of Az then we say 
A is a super column bivector of length n and denote the bilength 
by (n, n). 
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Example 3.1.10: Let 


A=A,;UA)= 


ROOF FIO WwW FINN Ow 
C 
SOR HFIO ONRIUDOOWIeY Ww 


be a super column bivector of type A. A is of bilength (11,11), 
i.e., both A; and A» are of length 11. Clearly A; and Ay) are 
distinct super column vectors. 


Example 3.1.11: Let 


A=A,;UA)= 


NY NP FIN FILW KF OK Ww 
C 
slr ce aunarlvnoarn J, 
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be a super column bivector of type A. We say A is of bilength 
(11,10). Clearly A; and A, are of different lengths. 


These new type of super birow vectors and super bicolumn 
vectors will be useful in computer networking, in coding / 
cryptography and in fuzzy models. 

Now we proceed on to define the transpose of a super row 


bivector and super column bivector of type A. 


DEFINITION 3.1.6: Let A = A; UA be a super row bivector of 
type A. We define the transpose of A as the transpose of each of 
the super row vectors A; and A, i.e., 


A’ = (A; U Az)! = A{ UA). Clearly the transpose of a 
super row bivector is a super column bivector of type A. 


Likewise if A = A; UA2 is a super column bivector of type 


A then the transpose of A is a super row bivector of type A, i.e., 
A' is the union of the transpose of the column vectors A; and A} 


respectively. We denote A' = (A; UAy)' = ALU A}. 


We shall illustrate this by the following example. 


Example 3.1.12: Let A= A, U A» 
=(0123|431|703568)U(30|2541|00725) 


be a super row bivector of type A. 
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The transpose of A denoted by A'= = AVUAS. 


CANWOrARIF WAIWBNF SO 
C 
ANAS SOlK BWA NISO w& 


It is clear that A‘ is a super column bivector or super 
bicolumn vector of type A. 


Example 3.1.13: Let A= 


[3] [1 
0 3 
1 0 
2) | 5 
5 6 
6 7 

A,UA>=| 1 Ul} 8 
0 9 
af) | oe 
7a 
4 2 
5 5 
9 
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be a super column bivector of type A. The transpose of A 
denoted by A'= A}UAS =[301256/103|7459]U[1 3 
0|56789|3-1254]. 


It is easily verified that A‘ is a super row bivector. 


Now having seen the transpose when is the addition and 
multiplication of these super bivectors of type A is possible. 


DEFINITION 3.1.7: Let A = A; UA; and B = B; UB; be two 
super row (column) bivectors of type A. We say A and B are 
similar or “identical in structure” (identical in structure does 
not mean they are identical) if the following conditions are 
satisfied. 


1. The bilength of A and the bilength of B are the same 
ie., if bilength of A = A; UA is (m,n) then the 
bilength of B = B; UB is also (m,n). 

2. The partition of the row (column) vector A; is 
identical with that of the row (column) vector B,, 
true for i=1,2. 

We illustrate this by the following examples. 
Example 3.1.14: Let A= A,U A, 
=[3156|023|15—-2315]U[80|123|7|567 8] 
be a super row bivector. 


B=[0401|6-12|301107]U[35|010/8|3015] 


be another super row bivector. We can say A and B are 
identical in structure. 


We see bilength of A is (13,10) and that of B is (13,10), 
they are equal. 
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Example 3.1.15: Let A= 


8 - 0 
3 1 
1 2 
0 = 1 - 
3 1 
1 1 
= 4 = 2 
5 5 0 4 
Ay UA») = 7 VI} 4 and B= | 1 ial =B,UB,. 
8 2 
1 5 
1 = 3 = 
= 2 — 9 
8 4 
0 8 
0 5 
? 3 iS 7 


Clearly the super column bivectors A and B are identical in 
structure and we see the bilength of A is (9,10) and that of B is 
(9,10) i.e., the bilength of A and B are the same. 


Thus we see if two super bivectors of type A are identical in 
structure they also enjoy the property that they have same 
bilength. Only to make things clear we mention it as a separate 
property though the concept identical in structure covers the 
equal bilength. 


However it is pertinent to mention here that equal bilength 
will not in general imply they are identical in structure. But 
identical in structure will always imply they have same bilength. 


Now we proceed onto define the notion of addition of super 
bivectors of type A. When we say super bivectors of type A it 
implies the super bivector can be a sub birow vector of type A 
or super bicolumn vector of type A; i.e., the term super bivector 
of type A includes both row bivector as well as column 
bivector. 
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DEFINITION 3.1.8: Let A = A; UA? and B = B; UB» be any 
two super row bivectors which are identical in structure. Then 
addition or subtraction of A with B denoted by 


A+B=(A,; +A) U(B, +B)) is well defined and A; + B; is 
carried out component wise and A +B is again a super birow 
vector which are identical in structure with A and B. 


On similar lines we can define the addition or subtraction of 
A with B in case of super column bivectors A and B which are 
identical in structure. 


We illustrate this by the following examples. 


Example 3.1.16: Let 


3:|) 4 

2 0 
0 — 1 — 

-] 1 
1 —] 

0 2 
= 3 z 3 

A= ]5/U i =A,UA) and B=] 3 |uU 1 =B,UB, 

a) pe ji) 

7 0 
3 1 
— 2 — 2 
4 4 

0 =5 
Oe -l) = 


be two super column bivectors which are identical in structure. 
We find A+B the sum of A with B to be (A; + B;) U (Ad + Bo) 
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Il 
KR oCl1R AN wOIR OR A 
C 


Clearly A+B is again a super column bivector which are 
identical in structure with A and B. 


Now A-—B=A,-B, U A2.- Bo 


We see A — B is again super row bivector of type A 
identical in structure with A and B. Thus we see the property of 


identical in structure is preserved under both addition and 
subtraction. 


In view of this we have the following interesting result. 


Super Bimatrices and their Generalization | 99 


THEOREM 3.1.1: Let S = {4 = A; UA2/ the collection of all 
super row bivectors of type A which are identical in structures 
with A having its entries from QO or R or C or Z, or C(Z,) or 


Z(g), Z(g)) or Z(g2) (g° = 0 is a new element 27 = g, is anew 
element and g> = —g) a new element n is such that, 2 <n < 0}. 
Then S is a group under the operation of addition. 


The proof is left as an exercise for the reader. 


THEOREM 3.1.2: Let B = {B = B,; UB;/ the collection of all 
super column bivectors of type A which are identical in 
structure of type A with B having its entries from Q or R or C or 
Z, or C(Z,) or Z(g) or Z(g)) or Z(g2) (g° = 0 is a new element 


7= gi l d g= 1 “ni. h 
g; = g, is a new element and g3 = —g a new element; n is suc 


that, 2 <n S co}. Then B is a group under the operation of 
addition of the super column bivectors. 


This proof is also simple left as an exercise for the reader. 

Now we define the product of a super row bivector of type 
A with a super column bivector of type A where the 
multiplication is compatible. 

We first show how the minor product of two super vectors 
are defined whenever the multiplication happens to be 
compatible. 

This is illustrated by some examples. 

Example 3.1.17: 

Letx=[301|2345]andy=[100|231 6]. 


The minor product of the super vectors x with y is given by 
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1 
0 
0 
xy =[301|2345]|2 
3 
1 
| 6 
2 
1 
=[301]}0| +[2345] : 
; 1 
6 


=3+ {4+9+4+ 30} 
= 3+47 = 50. 


Example 3.1.18: Let 


x=[0123|45|7890123|8]andy= 
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be two super vectors 


xy = [(0123]45|7890123]8] 


6 


=[0123] . +usi]S|+17890123 6 |+[8] 8] 


= {0-1 + 44+9} + {-16+25} + {49 — 64 + 81+0-1+4-9} + {-64} 


=12+9+60-64=17. 
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DEFINITION 3.1.9: Let 


W, 
W, 
x =[V, V2... V,] and y = 
Ws 
be two super vectors of type A. 
W, 
W, 
xy = [Vi V> aa V,] ‘ 
W, 
=V,W, t V, W> Fae V,, W,,. 


Note: 

The compatability of each V; with W; is well defined for 
i=1, 2, ...,n, this is illustrated by the following examples. 
Example 3.1.19: Let 

x=[12015|320|70—-12348|8014] 


be a super row vector. 
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3 
+[320]]2]+ 
0 


xx'=[12015] 


aA FS Oo NY 
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[70-12348] 


8 
0 
+[8014] |, 
4 


se 4 Oe Teo} Eo a} a 
{49+0+1+4+9+ 16+ 64} + {64+0+1+ 16} 


= {314134143481} 
= 268. 


Thus we can define the product in case of super row vector 
x with x' which is as follows: 


Ifx =[V, V2... Vp] then x'=| 


Now xx'= [Vi V2... Val 


=V,V, + V,V, +..+V,V,. 
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We illustrate this by an example. 


Example 3.1.20: Let 


x=[01]3401|3216789/32145] then 


ARE N BwLO WADE N Ile oR WLR oO 


where x' is a transpose of x and x is a super row vector. 


106 | Neutrosophic Super Matrices and Quasi Super Matrices 


xx' =[01/3401|-3216789/32|145] 


+[-3216789] 


3 
-on|t} aso : 
1 0 

1 


Co ON DR WN 
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3 
2 
+[32145]] 1 
4 
L> 
= {04+1}+ {9+ 16+04+1}+ {9+4+1+36+49 
+64+ 81} + {9+4+1+16+25} 


Now we proceed onto define the notion of major product of 
two super vectors. 


We shall only illustrate this by simple examples. 


Example 3.1.21: Let 


and y =[12|0345|89210] 


x 
| 
BR PIA AN PIN YF OC 


be two super vectors of type A. 


The major product of x with y denoted by 
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0 

1 

2 

4 

xy =|5] [12/0345/89210] 

7 

8 

1 

L4 
[0 [0 [ 0 
Tis 22 Hoo 4] 2 1 Of 
2 2 2 
[4 4 [4 
5 5 5 
ail 2] ovat 2 1 Of 
8 L8 L8 
1 1 1 
“ie 2] AC 3 4 5] ils 2 1 Of 


BRR] oN NH BIN FY CO 


oo;joooclocomsfwmcCc*’o oOo 


BR RLTON NA BIN KF CO 


oolrooo#oeoa1olrjeoegcs:?7s 
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Example 3.1.22: Let 


and y =[340|21013|1214|1] 


be two super vector. 


The major product of x with y denoted xy = 
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[3 40|21013]1214|]| 


We see for major product to be defined we need not have 


(1) The natural order of the super column vector to be equal 
to the transpose of the super row vector. 


(2) The number of partitions of x need not be equal to the 
number of partitions of y. 


Super Bimatrices and their Generalization | 111 


16 
12 


12 
16 


8 


14 


21 


16 


12 


16 


12 
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Clearly the major product of two super vectors is a super 
matrix. 


Now we show by examples the structure of a major product 
of a super column vector with its transpose. 


Example 3.1.23: Let 


Fe ouleFenonwnn Llunrow 


be a super column vector. To find the major product of A 
with A‘. 


Here A‘ = [3015|-1237021|501] 


Super Bimatrices and their Generalization | 113 


3 

0 

1 

5 

=] 

2 

Now AA‘= : [3015|-1237021|501] 

0 

2 

1 

5 

0 

| 1 

3 3 3 
"IB 01 5] it 23702] "fs 01 
5 5 5 
-1 [1 | —1 
2 2 2 
3 3 3 
7 |[3 0 1°5]|| 7 [-1 2°37 02 4])) 7 |[5 0 1] 
0 0 0 
2 2 2 
1 1 1 


- Oo N 
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r9 0 3 15/3 6 9 210 6 3/15 0 3 
00 0 0 00 0/0 0 0 
3 0 1 | 0 desl |255 0 7 
15 0 5 25/-5 10 15 35 0 10 5/25 0 5 
ee es ee es 
6 0 2 10/2 4 1440 4 2/10 0 2 
-|9 0 3 15/3 6 9 210 6 3415 0 3 
~|21 0 7 35/-7 14 21 49 0 14 7/35 0 0 
000 0/0 0 0 00 0 0]0 0 0 
6 0 2 10/2 4 1440 4 2/10 0 2 

Ooty Sea. £2 OF Oe > AL 5% OF 
15 0 5 25/-5 10 15 35 0 10 5/25 0 5 

0 0 0 0 0 00 0/0 00 

ofa Ai 2 OD. As)? 0% 


We see the major product of A with its transpose is a 
symmetric super matrix. 


The symmetry in them occurs in a very special way the 
main diagonal component is a symmetric matrix where as the 
other components are transpose of each other; this can be 
observed from the above super matrix. 
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Example 3.1.24: Let 


> 
Il 
DAunkRwWN OS KIRK SK COIN BIW 


be the super column vector. 
To find the major product of A with its transpose. 
A‘=[3|12|014|102345 6]. 
We see the major product of A and A’ results in a special 


symmetric super matrix whose natural order as well as the 
matrix order is a square matrix. 
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We find AA. AAt=|1| [3|12]014]102345 6]. 


Nn BP WN CO FIR FY CIN KF IW 
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9/3 6j)0 3 12/3 0 6 9 12 15 18 
3}/1 2)0 1 4/10 2 3 5 6 
6/2 4/02 8|2 0 4 6 10 12 
0/0 0);0 0 0/0 0 0 0 0 0 
3}/1 2)0 1 4/10 2 3 5 
12;4 8/0 4 16|4 0 8 12 16 20 24 
=/3})1 2|0 1 4);1 0 2 3 5 
0/0 0);0 0 0/00 0 0 0 0 
6/2 4/02 8/2 0 4 6 10 12 
9/3 6j)0 3 12/3 0 6 9 12 15 18 
12;4 8/0 4 16|4 0 8 12 16 20 24 
15/5 10)0 5 20}5 0 10 15 20 25 30 
18/6 12/0 6 24|6 0 12 18 24 30 36 


It is easily observed that AA' is a super symmetric matrix. 


This type of minor and major products in case of super 
vectors are extended to super bivectors which will be exhibited 
by one or two examples. 


Example 3.1.25: Let 


A=[0121]34/021]U[100011|012)4 1] and 
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Ww 
Il 
RP OFRIEP OR WNH 
C 
FP SOlIWNNFICD OFF FO 


be two super bivectors. The minor product of A = A; U A, with 
B=B, UB» Is given by 


AB= (A, U A») (B, U B,) 


= A, B} U Ao Bo 
[0 
[1 1 
2 1 
3 1 
4 0 
= [0121/34]021]/0]/U[100011j012|/41]]0 
1 1 
1 2 
0 3 
el 0 
1 
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1 


0 
1 
[100011]. |+fo 1 2 2\+[4 Wo 
r ot apf I 
0 


= {124441} (0+84+H 


SYLT) 49h. 


We give yet another example. 


Example 3.1.26: Let 


A=[01234/56|7|8901234])U [012|01/3015] 


and 
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Ww 
ll 
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G 
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be two super bivectors. 


To find the minor product of A with B. 


(In case of minor product we see each of the component 
submatrix of the row super matrix is multiplied by the 
corresponding component submatrix of the column super matrix 
we get the resultant to be a singleton bimatrix, which is clearly 
not a super matrix). 
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AB =[01234/56|7|8901234] 


ohLl|Np oro Bl Nnlor|ueoero 
C 


[012|01|3015] 


YN OF NO USO Oe 
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1 
0 0 
~ 4f0 1 2 3 4]/o0}+[5 al gfe Taal 90123 4]/0 
2 
: -1 
| 0 | 
2 
1 
5 1 
U 5[0 1 2]/0}+[0 ING Ovid 5 ‘ 
0 
2 


= {2445414493 U {04+0+4 163 = {52} U {16}. 


Now we proceed onto illustrate the major product of two 
super bivectors in an analogous way as we have done for super 
vector by some examples. 


Example 3.1.27: Let A= 


KP ONAN AIH WINK OS 
C 


or Or OLN Fr CLR WN FILO Fr 
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andB=[10|2431/0123010]U[3120|/11200|30| 
25101 1] be two super bivectors. To find the major product 
of these two super bivectors. 
AB= (Ay U Ad) (B, U B») 
=A, B, U Ad Bo 


[10|2431,0123010]U 


Il 
SK OND MN Bl WIN KF SO 


[3120,11200/30|251011] 


or OF OLN KF OLB WN FILO FR 
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l 
2 
pon beseala heen 1 2 0 
4 
[0 
1 
[ 


0 
1/0 12 3 01 0] 
2 


[3 1 2 o 


4 3 | 


1200 


1.220°0] 


12090 


r4 

5 

6 
[fo 123 01 9 

7 

0 

1 


[o 1 2 3 01 Offu 
ae || 


0| 


[1 
2 
3 
|4 
0 
1 
ie 


‘hsaglihs seg teal iesson 0| 


[2-3-1 01] 


(2. & 10-1 4] 


2-5-1 01] 


1 


[0 
1 


0 


[3 1 2 o 


es | 


1200 


[0 
1 


f° [2es 1°01] 


0 


eh 


[1 
2 
3 
4 
0 
1 
[5 
[0 
1 
0 
[1 
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| 
0 00 0 0 


ocooojoojocococo fo 
SH NI[M FAItT HN Orn SO 
O'S S| OS |S OS 1S: SO 
omMmuolam|A oF Aa oS 
oN +TI[OoNJo SATo 
SA NI[M FIt KH Orn SO 
oo COl]Oo Colo oo Oo SO 
SH ANI[N FIt HN Orn SO 
om uolam|IAo ea co 
oar wo/XAv+iS RAR CO 
ON TI1O NJlo SATo 
SoA NI[MN FIt+T HN Or SO 
cscooolo colo ooo oS 


Thus the major product of two super bivectors is a super 


10 2 02 2 
15 3 0 3 3 


0 00 0 0 


0 00 0 0 


0 00 0 0 


00 0 0)0 0 0 0 0;0 0] 0 


6 2 4 0/2 2 4 0 0) 6 0| 4 


9 3 6 0/3 3 6 0 09 0] 6 


12 4 8 0/4 4 8 0 0712 0/8 20 4 0 4 4 


00 0 0/0 0 0 0 0;0 0] 0 


1S 5 10 0)/5 5 10 0 0715 0/10 25 5 0 5 5 


00 0 0;0 0 0 0 0;0 0] 0 


00 0 0;0 0 0 0 0;0 0] 0 


bimatrix. 


Now we give one more numerical illustration of the major 


product of two superbivectors 
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Example 3.1.28: Let 


3 
: [1 
O) Jo 
i 3 
I 0 
I 1 
2) Io 
mah 
°F Jo 
° 2 
6 3 
Ae 
1 
O| ls 
p) L 
1 


=A,UA, and B=B, UB. =[3100|120567|210)]U[l1 
01}23405|110002 1 03] be two super bivectors to find 
the major product of A with B. 


In case of the major product of a column superbimatrix with 


a row row super bimatrix we get the resultant to be a super 
bimatrix rectangular square. 


AB =(A, U Ad) (Bi U By) =A, B, U Ad Bo 
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3 
1 : 
1 
0 
z 2 
i 
3 
1 
0 
1 
1 
2 
5 0 
5 (31001 120567|210] 1 |[101/23405|110002103] 
0 
0 
2 
6 
3 
1 
2 
0 
1 
0 
z 5 
2 L 
1 
[ 3 3 [3 
1/[3 1 0 o}f{ilt 20 5 6 7Il1][2 1 0 
Tt Iya I} all 
i i i 
13 1.0 o}ff;|a 2.0 5 6 JV IF |f2 1 9] 
2 2 2 
0 0 0 
0 0 0 
0 0 0 
6|[3 1 0 O]|//6lf1 2 0 5 6 7] {6/2 1 oO] 
1 1 1 
0 0 0 
Lo Lo | 
He 1 0 Oj He 2 0 56.7] He 1 0] 
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1031/2 3 4 0 5;1 1000 2 10 3 
20 2/4 6 8 0 10/2 2000 4 20 6 
3 0 3)6 9 12 0 15)3 3 000 63 0 9 
0000/0 0 00 0);00000 0 00 0 
1011/2 3 4 0 5;1 1000 2 10 3 
0000/0 0 00 0);00000 0 00 0 
1031/2 3 4 0 5;1 1000 2 10 3 
0000/0 0 00 0;);00000 0 00 0 
20 2/4 6 8 0 10/2 2000 62 0 6 
3 0 3);6 9 12 0 15)3 3 000 63 0 9 
20 2/4 6 8 0 10/2 2000 420 6 
1031/2 3 4 0 5;1 10002 1 0 3 
5 0 5/10 15 20 0 25);5 5 00 0 10 5 0 15 


We see AB the minor product of the two super bivectors is a 
super bimatrix. 


Now we proceed on to illustrate the major product of a 
super column vector with its transpose, by some numerical 
examples. 


We see the major product of a column super vector with its 
transpose which is a row super vector get the resultant to be a 
square symmetric super matrix. 
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Example 3.1.29: Let 


ll 
NLR NY WIO Fr ODN WIRY Oe N 


be a super column vector. To find the major product of A with 
its transpose A'=[2101|35010|321| 7]. 


[2101|/35010|321|7] 


| 
NI NY WILO Fr OYA wWIR OK N 


Super Bimatrices and their Generalization | 131 


L [2 [2 [2 
1 1 1 

peo (3 5 9 1 oO (3 2 U o|’ 
[1 [1 [1 

3) 0—t(‘<i«‘zRBYDSC!O!”;~;~”:C*CCSYBYON SBT 

5 5 5 

cole so 03 5 0 1 O]]]O[3 2 1]}}o]7 
1 1 1 

| 0 0 0 

[3 E [3 

ai ap sera) 2\[3 2 I} |2\7 
1 1 | 1 

| 7[2 1 0 J | 7[3 5 0 1 Of | 73 2 I | L717 
[4 20° 2] 6 10.0°2..0/ 6 4 2/44 
2s A, i 33 O° DOB: 2s A 7 
0 0 0 0/0 00 0/0 0 0| 0 
22 A 0. Je|23 iis O09 es ae sa 
ig: 12) 15-80" BOs. 56: 321 
10°50. S15 250° S 0) 15°10" 5, | 35 
11/05 O° 2002) OF 10> 0! 0510)).0". 0 0:1 0 
2:1 9° 1/3 Ore TOs: aoe | 
0 0 0 0/0 00201-0700.) 0 
623 OS. 9 TSO) SOO 3G 3?) 21 
Ae 20) 22, GF 10:0! 22°06. 4-2 14 
Qe, 1D: SAN. 2 OO: Wt eOule a, 2 
14.7 0 7]/21 35 0 7 0/21 14 7] 49 


It is easily verified the major product of a super column 
vector with its transpose is a super matrix. 
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Having just seen the major product of a super column vector 
with its transpose now we proceed on to illustrate the major 
product of a super column bivector with its transpose by a 
numerical example in an analogous way. 


Example 3.1.30: Let 


A=A,UA)= 


Se ON FPN UNDO KS WILK OC KS WN 
C 
Ww rAIlTRe nA o1lBR RF CO WIN 


be a super column bivector. 


At= A'UAS =[2101/310/571201JU[12|3014 
|051|73]. 


The major biproduct of AA‘ = (A; U Ay) (A; U AS) which 
will result in a symmetric square super bimatrix. 


Super Bimatrices and their Generalization | 133 


=A A'UA,AS =|0] [2101/310|571201]U 


Re ON FN UNO Re WIR OY N 


[12|3014|05 1/73] 


wow rnANIRe nA ol FP Oo WIN 
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We see the major product of a super column bivector with 


its transpose a super bimatrix which is symmetric. 
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Example 3.1.31. Let 


1] [7 
o| | 3 
1] | 6 
0] | 0 
a1 at 
Ti) ied 

A=|3)Ul4 
0] | 0 
1} | 0 
3 || 3 
i, Be 
5) | 1 
1 1 


= A, U A, bea super column bivector. A'= A} UAS =[1010 
1213|013751]U[7360-121|003]3 1 1}; we find 
AA'=(A, UA3) (A'UAL)= AATUA,A! 

[1 


[1010/213|013751]U 


II 
= nA ATYwWwW FF SIwWK NIDDK OS 
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0 [0 [0 
1 1 1 
3 3 3 
ji o 1 of) i[2 1 3] }f, fo 137 5 YJ 
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HOR COINS NIO AMO HH 
coo oljo co ojc oc oc So 
4a On COINS ONIlOaWa mM OH 
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49 21 42 0 7 14 7/0 0 21)21 7 = =7 
21 9 18 0 3 6 3]/0 0 9/9 3. 3 
42 18 24 0 -6 12 6/0 0 18)18 6 6 
0 0 0 0 0 0 0);0 0 0;0 0 0 
7 —3 -6 0 1 —2 -1)0 0 -3};-3 -1 -l 
144 6 12 0 2 4 2/;0 0 6/6 2 2 
U7 3 6 0 -l 2 1/0 0 3;3 +1 ~=«1 
0 0 0 0 0 0);0 0 0;0 0 0 

0 0 0 0 0 0);0 0 0;0 0 0 

21 9 18 0 3 6 3/0 0 9/9 3 3 
21 9 18 0 3 6 3)/0 0 9/9 3 3 
7 3 6 0 -l 2 1/0 0 3);3 +1 ~«21 
7 3 6 0 -l 2 140 0 3);3 1 ~=«21 


It is easily seen AA‘ is a symmetric super bimatrix. 


3.2 Operations on Super bivectors 


In this section we define the notion of super row bivector of 
type B and super column bivector of type B. We define the 
basic operations of addition, subtraction, minor and major 
product whenever such operations are compatible. This concept 
is made easy to understand by numerous examples. 


Now we proceed onto define the new notion of super row 
bivector of type B and super column bivector of type B. 


DEFINITION 3.2.1: Let 4 = A; UU A> where A; and A> are 
distinct super row vectors of type B then we call A to be a super 


row bivector of type B (super birow vector of type B). 


We first illustrate this by an example. 
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Example 3.2.1: Let 


3 
A=]1 
5 


—- Oo 0 = 


1 3 
0 0 
1 1 
0 0 


oN FN 
a a | 
woe Sa oe 
oR NN 
Fe ON 
oO RF We 


0 
1 
5 
0 
A; U A». A is a super row bivector of type B. 


Example 3.2.2: Let 


12 0};0 10 3 1)1 2 3 4 
U 
3 1 545 01 0 2/0 1 2 3 


1 0;0 10 0 0 
21/2 014141 
3 0/0 00 0 1 


= A, U A); we see A is a super row bivector of type B. 


Example 3.2.3: Let A= A, U A) = 


0;0 0 0/0 0 0 0 
0;0 0 0/0 0 0 0 
0/0 0 0/0 0 0 0 = 
0;0 0 0/0 0 0 0 
00 0 0;0 0;0 0 0 
00 0 0;0 0;0 0 0}; 
00 0 010 0}|0 0 0 
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A is a super row bivector of type B. We see A is a zero super 
row bivector of type B. 


Example 3.2.4: Let A= A; U Ao = 


1 1/1 1 1}t}1 112741 

1 1/1 1 1}J1}/1 112741 

1 1/1 1 1}J1}1 1 21 1;u 

1 1/1 1 1}t}/1 11741 

ELE Ps Oe Cs ee 
1111)1 12121~«21 
1111);1 122121~«21 
11114j1 12121~421 


be a super row bivector of type B. 


We call this as a super unit row bivector of type B or super 
row unit bivector or bisuper unit vector of type B. 


We now proceed onto define the notion of super column 
bivector of type B. 


DEFINITION 3.2.2: Let A = A; U A> where A; and A> are 
distinct super column vectors of type B. We call A to be a super 


column bivector of type B. 


We illustrate this by the following examples. 
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Example 3.2.5: Let 


3 01 
13 014 5] |4 5 8 
DV) Oe SP I 6 
ee oe ee ee S| 
Bo Be 3) Deh A 0 0 

A=A,;UA,=|0 1 0 1 OfUl2 0 2); 
1041041] JO 1 0 
[2°30 1b 1-3. 3 
Ae OS) 0 S| Ae Be 6 
[Bs eB ON ee 

0 1 2 


A is a super column bivector of type B. 
We give yet another example before we proceed to give 
examples of the notion of super zero column bivector and super 


column unit bivector of type B. 


Example 3.2.6: Let 


3 1 

[1 2 3 O] |2 1 
111 0] f1 2 

O10 O20) 43 

A=A,;UA=|2 3 4 5/Ul3 0]; 

678 9] |1 0 

a. TO 2) ta 41 
120 1 1] Jol 

5 1 


A is a super column bivector of type B. 


Example 3.2.7: Let 


Example 3.2.8: Let 


A=A,;UA)= 


oo 


oo 


oo 


oo oO 


oo oO 


oo oO 


ooococmUcrcmlhlUlcO 


ooococlmUcrcmlhlUlcO 


ooococmUclllUlcO 


0 0 
0 0 

[0 0 0] |0 O 

00 0] |0 0 

00 0| |0 0 

00 0| |0 0 
A=A,;UA2=|0 0 O/U/0 0 
00 0| |0 0 

00 0| |0 0 

00 0| |0 0 

10 0 O] Jo 0 

0 0 

0 0 


oo 


oo 
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A is defined to be a super zero column bivector of type B. 


oo 


oo co 


oo fo 


oo co 


ooococmUcrcmlhlUc OD 


ooococmUcrcmlhlUlO 


SPP) 


A is not a super zero column bivector of type B as Aj = Ap. 
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Example 3.2.9: Let A=A,U A)= 


000 0] - 
000 0 0 0 
00 0 0 
000 0 0 0 
00 0 0 
000 0 0 0 
00 0 0 
0000 0 0 
00 0 0 
UJO 0 0 0 0 0}; 
00 0 0 
000 0 0 0 
00 0 0 
000 0 0 0 
00 0 0 
000 0 0 0 
00 0 0 
0000 0 0 
00 0 0| ~ 


A is a super zero column bivector of type B. 


Example 3.2.10: 

| ee Ca 

fat is A) a ee 

| age Hae ae fs i a 

iT ee li es Wie 
rea=l[i ? NofL tt 1, 
ie Cs eed Gan | 
LL), de Ws at 
2d?) Ee he 

te ae Ta eb de 
dt Sh “ad 


A is a super unit column bivector of type B. 


Now as in case of super row bivectors of type B we can 
define the transpose of a super row bivector of type B. It is easy 
to see that the transpose of a super row bivector of type B is a 
super column bivector of type B and vice versa. 
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We shall illustrate this situation by some simple examples. 


Example 3.2.11. Let A= A, U Ay = 


Bi 2 SON 310? Vike SON: Ee 8 
1 01 1/4]1 01 0 0} U 
OD 2s SO Sao De Be ote 3S 
3.1 DO 33 -4e S 
1 DAD | de 52333 A 
0 1;0;0 5 6 7 
Li Eb 2) )-6¢ 20~ TA 
be a super row bivector of type B. 
Now transpose of A denotes 
[3 1 0 
De Ae Mi) 3z 
je) Une |e | 
Ze D2 
A ck P50 
0 1 0 
1 2.02 
t t t t 3 4 5 
by A’=(A, U Az) =A, VA, = Fa reba 1 0 6 
oF. 22;- ca 0 
1 0 2 
43 61 
Oy lk 3 
2 4 Fl 
Li ays 
3: O35 


It is easily seen that A‘ is a super column bivector of type B. 
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Example 3.2.12: Let 


[2d 
2 ae) 
O- £3 
6 7 
1 11 
0 1 
O22. a —— 
|. 2 
4 5 6 
3 4 
7 0 1 
3 a0. d sali 
U —_ 
A= 0 1 
0 8 4 
pe 
01 1 
4 5 
eo 0 
6 7 
je eae | 
8 9 
1 et) 4 
7 1.2 
0 3 
be a super column bivector of type B. 
The transpose of A denoted by A‘= 
ese ei Ca es S| ee 
A,;UA,=|1 1/2 5 0/0 8 1 1:0 ITfu 
3 1/1 6 1/1 4 101~1 


23 60/1 3 5/0 2468 10 
139s BB ae AG Bt BD 2 Bi" 


Clearly A‘ is a super row bivector of type B. 


Now as in case of type A super row (column) bivectors we 
can define identical in structure super row (column) bivectors of 
type B. 
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DEFINITION 3.2.3: Let A = A; UA, where A; and A, are distinct 
i.e, A =A, UA? is a super row bivector of type B. Let B = B; U 
B, be a super row bivector of type B. 


We say A and B similar or “identical in structure” if the 
length of A; and B; are the same and the number of rows in both 
A; and B; are equal and the partitions in A; and B; are identical 
for i=1,2. 


By the term partitions are identical we mean if in A; the first 
partition is say between the r and (r+1)" column then in B; also 
the first partition will be only between the r and (r+1)" column 
and the number of partition carried out in A; will be the same as 
that carried out in B;, i=1,2. 


We will illustrate this by some simple examples. 


Example 3.1.13: Let 


4.61 BiB PA SO ao 
RR Ag VAT 20-0. Po Be OS 
0005/1 10001]7 8 
Ds Dis Pos a 
4/1 010 2 3.40 
la sey be O°0 20 Ol 
o/1 7/1 1237 
1100/12003 4/21 
B=10:.1 0.0/0 0° 5. 6:0 00-11 
0001170000 811 0 
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mw Noe 
orrRo 
or or 
or OF 
Se OF 
ia) 
re FO 
Fe OOF 


be two super row vectors of type B. We see A and B are 
“Gdentical in structure”. For the bilength of A and B is (12, 8). 


Also the partitions are identical in B; and Aj, i=1,2._ The 
number of rows in A; equal to the number of rows in B;, i=1,2. 


Example 3.2.14: — Let 


Oe Ls hae a cB 
1 1/6 2 1 5}1 2 3 


5 7 8/3 8 8 0 0 5 1)3 
OE Aa Ds. 6 SS de Ba7. and 
03 713 007 4 2 718 


BY Galore Se elie. ose das 
9012/2 5 9 


Nn We 
a £0 
on nN 
n oom 
NF 
oN 
o Oo fO 
sa W W 
— ne 
—- ~TN 
oO nN WN 


be two super row bivectors of type B. We see A and B 
“identical in structure”. 
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Example 3.2.15: Let 


Se Pre ae SL 
adhrhe set OL Se 22 he 
0121/7 1569 3 
Le Oslety 2s 238 Ae 4 
3. A > OF A OLS A 
0 7 0 Et 
1: 00:8 623 0 8 
1 0 3-22 Tis 
andB=B,;UB.= |2 0 0 8 6 1: Bh Se 
11 0 1 3 


De Ae GAs LO aA BS 28 
4 3 7|6 2 3 6/7 5 
be two super row bivectors of type B. We see A and B does not 


have identical structure. 


We define now addition of two super row bivectors of type 
B of identical structure. 


DEFINITION 3.2.4: Let A =A; UA> 


1 1 mE 1 1 1 
Gy Gay | Atygy 0 | Gig | ye Ay 
1 1 1 1 1 1 
an) any nr+l ans ant im 
1 1 1 1 1 
b; 1 b; u b, r b; Ss b; w 
1 1 1 1 1 
bot Dou b,. ae bow 
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and if B = B; UB,= 


2 2 2 Z 2. 2 
Gp Ay, | Arygy 0 | Gag | Aa Lam 
: ; : U 
2 2, 2 fe 2 2. 
an) any ars] ans sas ant Gim 
2 Z 2 2 2 
Bee cine Be. | Mee SBR | ee Ob? | ee Be 
2 2 2 2 2 
Be Be fae Be fae Bae Be, 


are two super row bivectors of type B. We see A and B are 
identical in structure. The sum of A and B denoted by A+B = 
(A; U/A)) a (B) UB») =A,+B, VA,+ B 


1,2 Pe Plat 2 ba» eae Poy oD 
Gy +i + Gy FAy, | ip Fp | ys Fy | Uy FAy 0 Ay FA, 


1 2 1 20 | f 2 1 2 1 2 1 2 
Qi +4) yas a, +4, Qy+1 +44) a ans +a, . Qn +4, Qy +4, 
J 
1 2 1 2 1 2 1 2 1 2) 
bi +; a Di, +5, an Dist +B s1 bi, +, n Diy +5, 
1 2 1 2 1 2 1 2 1 2 
bi +5, te Dy +5, te Dg tO es . b,, +5;, oo b, +5, 


is defined to be the sum of the two super row bivectors A and B 
of type B. Clearly A+B is again a super row bivector of type B 
with identical structure with A and B. 


Now in view of this we have the following interesting 
theorem. 


THEOREM 3.2.1: Let X = {A = A; UA; be the collection of all 
super row bivector of type B which are identical in structure 
with A with entries from the field Q or R or C or Z, (p a prime) 
or from the rings Z or Z,, n not a prime or C(Z,) or Z(g)) or 
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Z(g2) or Z(g3) (g1, 2 and g3 are new elements such that gj = 0, 
>=, and g;=~-g; and Z can be replaced by Q or R or C or 
C(Z,,) or Z,}. Then X is a group under addition. 


Example 3.2.16: Let X =X, U X2.= 


3 2 -1 0 
1 5 0 1 
0 6 6 1 
3 -1 4 1/4 -1 3/0 02 10 41 «41 
and 
6 3 2 -14/2 0 1}]1 1 02 0 -1 1 


2 1 -1 14/0 2 Oj1 01 1 21 01 


= Y,; U Y2_ be two identical structure with the super row 
bivector of type B. To find the sum 


Pee eae raiee 


X+Y = (XK, U X) + (YU Yo) = (Ki + Y)) U (+ Yd) 


3 
2 
0 


a # W 


0 -1 5 1/7 -1 4;0 1400 2 2 
SA. Que SD Te Pea 


We see X+Y is again a super row bivector with identical 
structure as that of X and Y. The subtraction of X with Y 
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X-Y = (X, — Y1) U (&2 — Y2) 


6 11);0 2 0 -1 0/3 8 O 2 
=}|1 6 0);6 -1 1 0 34/0 0 0 -2}U 
0 5 Oj;-1 6 0 O 1;0 —2 -1 -l 


6b 86 A do eh BO a 0: 2 20 O° 
a iy; CB eo ; 


X-Y is again a super row bivector of type B. 


Now in a similar way we can define the notion when are 
two super column bivectors of type B are “identical in 
structure”. Let A = A; U A, and B = B, U B, be two super 
column bivectors of type B. We say A and B are super column 
bivectors of type B are identical in structure if the number of 
natural rows in A; is equal to B;, i=1,2 and the number of 
columns in A; equal to B; and the partition of A; and B; are 
identical. We can as in case of identical structure super row 
bivectors of type B, we can in case of identical structure of 
super column bivectors of type B, we can define addition and 
subtraction of super column bivectors of type B. 


Example 3.2.17. 
(3 10 0] [328 
001 1 060 
4 02 -1 110 
3 2 0 0 101 
1 0-1 2 6 4 1 
123 4 001 

Let A= ae On Yao 5 and 
023 1 08 0 
-10 1 1 1 0 3 
425 6 462 
012 0 675 
01 8 3 3 2 0 
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0 1 0 O On ds (2 

0 0 1 =O 0 2 0 

1 0 -1 0 L. de 

0 1 0 -1 0 1 0 

Ws) <2 0 1 1 

ae 0 0 3 6 3 be 

Ld) 24 Le 2 

0 0 1 3 0 6 3 

-10 0 0 1 0 1 

2. cle ol 2 ae 

Be Oe SOF 0 -1 0 

L td aap Oo 2. 3 

be two super column bivector of type B. 
The sum of A+B = (A; + Bj) U (Ap + Bp) 


3.2 0 0O 3 3 10 
00 2 #1 0 8 O 
5 0 1 -!l 2 2 O 
33> 0. =] Leet 7 
1 1 -l 4 6 5 2 
1 2 6 10 1 1 1 
7 8 2 6 a 8 0 4 
02 4 4 0 14 3 
20 1 #1 2 0 4 
62 6 7 6 7 7 
8 1 2 1 6 6 5 
02 9 7 3. 4 5 


is again a super bicolumn bivector of type B. 


In view of this we have the following interesting theorem. 
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THEOREM 3.2.2: Let V = {X =X, UX2/ collection of all super 
column bivector of type B with entries from a field or ring which 
are identical in structure}. Then V is a group under addition. 


However to define multiplication we have to define either 
minor product or major product. 


We proceed onto give the minor product of two super 
bivectors of type B by numerical illustrations. 


Example 3.2.18: Let 


1 5 3/2|/5 70 1 
X= (UGH | O 6-22 ae OD 
271/010 101 
12 041/01/1 23 4 0 
0110/2 11/0 1001 
0101/0 54/0 011 2 
1010/3 0/1 1001 
[1 20 1 
7 011 5 
3 10 
0010 
1 0 0 
2100 
00 1 
1001 
00 2 
SRE | egg ee ee 
1001 
oe 4 
0101 
4 5 3 
1010 
012 
i 0201 
012 0 
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(X, U Xz) (Y, U Y2) 
X, YyU Xo Y>. 
15 3)/2/5 7 0 1 
=|0 6 2 
2 1 


The minor product of X with Y is given by 


XY 


be two super bivectors. 


f= we ee ares, SPE oe a Oe oe 
= nN CO Ol Oo|lm a oOo Tt Oo 


oO mt er O}O Vm IOCUOUCUCLCUCOOUUN 
N we CO we I/O en IO Tn ON 


pA Sie De ON AOR IO 


=a NO 


Oo Oo 
Oo Oo 


1 

0 
0 5/0 0 

1 
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101 1201/1201 
5701 
po ae | 0. O04 bh 
ae | es U a: 
4 5 3 010 1/0 01 0 
0101 
0 12 101 0//2 1 0 6 
[1 001 
0 1 123 4 0 
0101 
2 1//1 001] 10 1001 
10410 
0 5/10 1 1 0! |0 01 1 2 
0201 
3 0 fh be aad 
[0 1 2 0 
8 1 3] fo 0 4] [19 15 14 
=|6 0 2/+1/0 0 2/415 6 6]uU 
13 2 1] J]0 0 0 2 3 3 
011 0) [3 5 2 1] [4 10 3 7 
Me FT ee de Oe Be Ny Rs Oe 
+ + 
05 5 0| 2 2 1 5] |1 4 °5 1 
3 00 3] {1 21°41 1. 2° 3-9 
27 16 21 ane 
SEO MONO se sae: 
1 4 
ee: 5 4 3 5 


It is pertinent to mention that the entries of these super 
matrices can be replaced by neutrosophic rings, special dual like 
number neutrosophic rings, special quasi dual number 
neutrosophic rings and mixed special dual number neutrosophic 
rings. 


Chapter Four 


QUASI SUPER MATRICES 


A square or a rectangular matrix is called as a quasi super 
matrix. It cannot be obtained by partition of a matrix. All super 
matrices are quasi super matrix but quasi matrix in general is 
not a super matrix. Thus the elements of a quasi matrix are 
submatrices following some order. 


DEFINITION 4.1: Take a m x n matrix A with entries from real 
or complex numbers. 


A, Ap Lr; 
pe A, A), 2ry 
A, , A, , Ag, 
where Aj are submatrices of A with 1 Sj S71; , 12 «..., 'm and 


1 SI SS), Sy «.., S} 
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Clearly we do not demand the size of Aj to be same but the only 
condition to be satisfied is that if A is am x n matrix then the 
number of the rows in each column of the matrix adds up to m 
and the number of the columns in each of rows added up to n. 
We define A to be a quasi super matrix. 


Further we do not demand r; = rz and r; = 1; in general 
also. Also s; #8; in general. 


We give examples of one or two quasi super matrix before 
the proceed on to define some of their basic properties. 


Example 4.1: Let A be a 6 x 4 quasi super matrix given by 


where 


Aoi = 


and An = 


Ww NO RF © 
—e nN HB CO 


We see the sum of the rows of Aj; and A adds up to 4 and sum 
of the rows of Aj. and Az. adds up to 6 where as some of 
columns adds up to 4 1.e., the sum of the columns of A;, and Aj» 
is 4 and that of A>; and A» is also 4. 
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Next we give some more examples. 


Example 4.2: Let A be 9 x 8 quasi super matrix given by 


[2 03 1 1 2 3 0 

Or 232-2 ST 2 Al tf 

ae 2. AO 23 1 
3 10 

ae ae | 0 
A= 03 1 

3 3 0 0 i] 
2 0 

eeamae CO Ne es [1 

* [3 0 3 Z 

0 1 2]/2 0 
1 1 0 

1 Olli 4 

L [1 0 Ls; 
AG Aas Ags 
= Ay Ay Bigg 
Pee, Pigg: Pigg Ags 


Clearly the number of columns added up in Ay; Aj and Aj3 
to4+2+2=8. 


The sum of the columns added up in Az; Az and A>; to 4 + 
3+ 1=8. The sum of the columns of A3; A32 A34 and A33 to3 + 
1+3+1=8. 


We see basically A is a 8 x 8 matrix but by the division it is 
made into a quasi super matrix of the given form having 10 
number of submatrices. Au, An, A, Ao, An, Ax, Aj, Aa, 
A33 and Asa. 


Now any 8 x 8 matrix can form a division in the following 
form given in the example 4.3. 
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Example 4.3: Let A be any 8 x 8 matrix. 


SO T.0523 
0 3 it O24 
(2552 00110 
0 0 52001 

ee ea 
pelle L 

129 3 2 

010 1 0 1 2.0 

10101 3 1 

De D8 0 8-5 11 

[3 10 2 0 


Here the sum of the rows of the sub matrices A, and A»; is 
3 +5 = 8 and sum of the columns of the sub matrices A>, and 
An is5+3=8. 


We make the following observation we see all the four sub 
matrices are square matrices based on these observations we 
make the following definition. 


DEFINITION 4.2: Let A be the m x m square matrix. If all the 
sub matrices of A are also square matrices then we call A to a 
quasi super square matrix. 


The matrix given in example 4.3 is a square quasi super 
matrix. We give yet another example before we define some 
more results. 


Example 4.4: Let A be a 8x8 matrix with the following 
representation. 


re Orn or oe 
=S|= OO WO FR NO 
Corr or MN 
(Gok ee ee ee Se 


A,, A 


21 31 

Sum of the rows A; and A»; = 8, 
Sum of the rows A,,; and A,3 = 8, 
Sum of the rows Aj; and Ax, = 8, 
Sum of the rows An, A», Ax, Ags iS 8, 


Sum of the columns of A,, and Aj is 8, 
Sum of the columns of A;,; and A>» is 8, 
Sum of the columns of A;,; and A>3 is 8, 
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25 


Sum of the columns of A>;, A3;, Aog and Ags is 8. 


Example 4.5: Let A be a 5 x 6 matrix which is given in the 


following. 


> 
II 
SON NF WwW 
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= i a 
Ass Ay Aj; 
where Aj), Ay, Az}, Aco and A»3 are submatrices. 


Clearly sum of rows of Aj; and A»; is 5, sum of rows of Ajo 
and A>» is five and that of A;. and Ay; is five. 


Sum of the columns A,; and Aj» is six. Sum of the columns 
of Ay An and Ax iS SIX. 


Example 4.6: Let A be a 6 x 6 quasi super matrix with 


Pay Ass 
AS) AP SAP 3 
Ay; Ay 


where A,; is a 4 x 4 square matrix and Aj) is a 2 x 2 square 
matrix. A,,; is a 2 x 2 square matrix and A, is a 4 x 4 square 
matrix. 


Now 


Au= 


—- S&S K&S WwW 
oN OF 
| 
— 
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6012 
Ei C2 
sual ae We Tk 

0101 
(Oo 3 1 2/0 1 
f -W> 30. S24 
5 1 2 =1)/0 0 

ge 2 ote e), 
0 0/6 0 1 2 
0 O0}1 0 0 2 
jee i fp a a 
ODIO Wy SOP Ft 


We see all the six sub matrices are square matrices. 


Example 4.7: A be a 4 x 5 matrix which is a quasi super matrix 
given by 


Similarly we proceed on to define the notion of quasi super 
matrix which is rectangular. 


DEFINITION 4.3: Let A be a quasi super matrix. 


164 | Neutrosophic Super Matrices and Quasi Super Matrices 


A,, A), Tr, 
A A,, A, ~~ Any 
A, yt A; 2 A, Fig 
Aj S are rectangular matrices, with 1 < i < rj, rz ..., Tin 


and 1 <j < 8), S2,..., 8, we define A to be a quasi super 
rectangular matrix. 


We give an example of a matrix of this type. 


Example 4.8: Let A be a 6 x 8 matrix quasi super matrix. 


reo <u te 22 110 0 
1105 1011 


Ne ee 
orOoF 
a) 
NO Fe Re WN 
Nu OF Oo 
ee Se 
N Or 
NRF OF 


= be a 
Ay Ay 
A is a rectangular quasi super matrix. 


Example 4.9: Let A be a 6 x 4 matrix. 


2 1 0] f1 

0 3 23 1D 

(eae 220" Nea 
A= 

[1 0 5 

3 1 

[1 1 0 


Quasi Super Matrices | 165 


which is a quasi super matrix. Sum of the columns of A,, and 
Aj is four. 


Number of columns in A», is four. Sum of rows of Aj; and 
Ay: is six. Sum of rows of Aj. and A>, is six. The quasi super 
matrix described in example 4.9 is not a rectangular quasi super 
matrix for it contains a 3 x 3 square matrix in it. 


We proceed on to define these type of matrices,. 


DEFINITION 4.4: Let A be am Xn rectangular matrix. A be a 
quasi super matrix. 


A, I A, 2 Tr, 
AS A, A, Ir, 
A, yt A, 2 A, hs 


If some of the Aj’s are square submatrices and some of 
them are rectangular submatrices, then we call A to be mixed 
quasi super matrix. 


Thus we have seen 3 types of quasi super matrices. 

We have to give some more examples for we can have a 
square m X m matrix A: yet A can be a mixed quasi super 
matrix or a rectangular quasi matrix. Likewise a square m x m 


matrix can be a mixed quasi super matrix. 


Example 4.10: Consider a 6 X 6 quasi super matrix where 
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where 


a Al. 2 101 
ee a ae (ery ee 
0 1 0 A 
210 0 22 
PS 80S ay AOE 
5 2 Os Grit 22 
Masa See 
1041/0 1 0 
01 0]1 11 
21 0/0 2 2 


A is a 6 X 6 matrix but A is not a rectangular quasi super 
matrix or a square quasi super matrix it is only a mixed quasi 
super matrix. 


Thus this example clearly shows a quasi super matrix which 
is a 6 X 6 square matrix can be a quasi super mixed square 


matrix. 


Next we proceed on to give an example of a square matrix 
which is only a rectangular quasi super matrix. 


Example 4.11: Let A be a 5 x 5 quasi super square matrix. 
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A= 
Ay Ay 
=|A, Ay 
As 
where 

3 4 
Aun= De A 4 0 

ll 1231 12 
0 1 


23 4 
Ao = 3 4 0 , Ax» =[ 12] and 
A31=[40123 ]. 


A is a quasi super rectangular matrix. 


Example 4.12: Let A be a 6 x 4 quasi super rectangular matrix. 
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Clearly A is a square quasi super matrix which is not a square 
matrix. We see all the three submatrices of A are square 
matrices. 


Now having seen three types of quasi super matrices, we 
now proceed on to define some sort of operation on then. First 
given any n X m matrix which we are not in a position to give a 
partition as in case of super matrices. 


So we define in case of n <x m matrices a new type of 
relation called quasi division. 


A quasi division on the rectangular array of numbers is a 
cell formation such that the cells are either square, rectangular 
or row or column or singletons. Clearly or is not used in the 
mutually exclusive sense. 


We just illustrate this by a very simple example. 


Example 4.13: Let A be a7 x 6 quasi super matrix. 


We see the matrix or this 7 x 6 array of numbers which 
have been divided in 10 cells. Each cell is of a varying size. For 
we see first cell is a 2 x 2 square matrix. 


0 7 
=I cell= Au 
1 0 
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The second cell is a rectangular 2 x 3 matrix. 


8 9 4]. 
is the II cell-Aj2 
1 0 1 


1 
iS is the III cell - A,3 is a2 x 1 column vector or matrix. 


—1 
The fourth cell is again a column vector given by | 8 | = Ax, 
0 


The fifth cell is [1], a singleton Az). The sixth cell is [—1 1 0 1] 
is arow vector A». 


2 
The seventh cell is a column vector "] = A3,. The eighth cell is 


a4 x 3 rectangular matrix. 


0 1 2 
es a ae 
I el! 74 
00 1 


The 10" cell find its place as A4y a row vector [11]. The 
arrangement of writing or notational order is written in this form 
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N 


A 
A 
A= 
A 


> > > 


we 


We see the sum of the columns of A;,;, Aj2 and Aj3 is 6. Sum of 
the columns of A>, As. and Aj; Is six. 


Sum of the columns of A3), A32 and A33 is six. (1+3+2=6). Also 
sum of the columns of A3,, A3. and Aug is six. 


Now having seen as example we define the notion of cell 
partition. 


DEFINITION 4.5: A cell partition of m x n rectangular array of 
numbers A is a division of the m x n array of numbers using 
cells. The cells can only be singletons or row vectors or column 
vectors or square matrix and (or) rectangular matrix. i.e., each 
cell can be called as a sub matrix of A. 


For instance this process is like finding subsets of a set. In 
that case we have lots of choices and we know given N number 
of elements in the set; the number of subsets is 2%. But dividing 
the n x m array of numbers of the n x m matrix is not identical 
for the cell division is not arbitrary each cell should have a form 
and the division can be many for instance we will first illustrate 
in how many ways a 2 x 2 matrix can be divided using the 
method of cell division, 


0 1 
Example 4.14: Let A= 


We enumerate the number of cell division leading the quasi 
super matrix. 
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2.3 


Te Fel 


There are only 4 quasi super matrices constructed using a 
2 x 2 matrix. 


However we have several partitions leading to a super 
matrix. 


B 0 1 . ele 
“153 1S a partition, 


B is a super matrix. 


[0] 1 
C= : is a super matrix different from B. 
[0 |1 
D= 313 is a super matrix different from both B and C. 


Thus using 2 x 2 matrices we have only 3 super matrices. 
But using cell division leading to quasi super matrix we have 4 
quasi super matrices. Thus we have altogether 7 quasi super 
matrices if we make the rule all super matrices are quasi super 
matrices. That is the class of super matrices is contained in the 
class of quasi super matrices. 
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Example 4.15: Let 


et ES et 
me ke be 


be a3 X 3 matrix. 


The number of quasi supermatrices from A are 


[O}1 2 ye ote 
Ai=|1/0 1 -| 7 fa 
aca 7 
[O;1 2 es Me 
A,={1/0 1}/=] ™ - 
ae) EN, #8 7 
fOj1 2] | Ay 
na 0.1) = )An 2 
Ll} 1 1} 
0 2 
= Sr A, 
Ag=[{1]/0]/1]=]A, Ap 
A3; 
[1 1 
0 2 
— = Ay 
As=|1/0]/1]/=|]A,, Ap 
Br Ay; 
[1 1 
0 1|2 Ay Ay Ay 
As=|1/0/1]= Ass 
ele a A 
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ce 
KR 
| 

= 

So 
II 

is) 

im 


Ays= 1 


foj;1|2]) [A, A, A, 
Aw=]1 {0} 1] = As Ag: 
1/1 


Aig = 1/0/1 


O;1)2 A, Ap Ay 
Aj=| 1] 0 =|A,, A, A, 
1/1] 1 A, A 


and so on. 

Thus we see even in case of a 3 x 3 matrix the number of 
quasi super matrix is very large. If we make the inclusion of 
super matrix into it. It will still be larger. 


Thus at this juncture we propose the following problem. 


Problem: Suppose P is any m < m square matrix. i.e., a square 
array of m x m numbers. 
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1. Find the number of super matrix constructed using P. 
2. Find the number of quasi super matrix constructed 
using P. 


Now we just try to work with a 2 x 4 matrix. 


Ort 2. 3 
Example 4.16: Let M= 
101 0 


be a2 x 4 matrix. 


We just indicate some of the quasi super matrix constructed 


using M. 
o| 1 2 3 Ay 
M, = = ul 
110 1 0 Ao 
0/1)2 3 . 
Mo = 7 oP 
1/0/1 0 A, 
BOrl lsh slcAve, “hes 1 Age. Ay 
M; = = 
[1]0]1 0 Ay, 
eesle fede Bi). Ay Ae AG 
*t1fo]1 To Aun AS. 
ie Oia 2a): Ay Apa 
1/0/1/0 A, Ay 
0/1213 Ae Bens Be Ag, 
Ms; = = = 
1/0/11/0 As. 


0 1/2 3] [A, A, 
Mo = ae 
1 of1 0 Ay 
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Ov] 2: 3] (A, Ay 
Ms = > 
Lie sg? Be 


My = 0j1 2 = Ay, Ay Aj 
1}0/1 0 A.) 


and so on. Thus we see even in case of the simple 2 < 4 matrix, 
we can have several quasi super matrices. We have shown only 
nine of them. 


Now we propose the following problem. 


Problem 


1. Find the number of quasi super matrices that can be 
constructed using m x n matrix. 


2. Find the number of super matrices that can be 
constructed using just am x n rectangular matrix. 


Now having defined the notion of cells partition of a 
matrix which has lead to the definition of quasi super 
matrices we proceed on the study the further properties 
of quasi super matrices like matrix addition and 
multiplication and see how best those concepts can be 
defined on them. 


Example 4.17: Let A be a9 x 4 rectangular matrix. 
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Fe NLR KF Ol OF CO 
NO ||! oO Fe KF 1O Fe eS 


| 
> > > > 


BG 
iS) 


43 


We see A has 8 cells. We can have for the same A we can just 
have only 4 cells. 


Suppose we have two quasi super matrices how to add? We first 
proceed on to define addition of a super quasi matrix A with 
itself. 
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Example 4.18: Let A be a 5 x 7 quasi matrix with a well 
defined cell partition defined on it. 


(O 12|3 4|5 6 
1 LOE oO 1 
A=|0 11/0 1]1 O 
5 OT 2° SP A 3 
|-8 11710 2 5 8 
Aggy. “Ay. Aus 
= Ax 
Pees thes oh 


0 2 4/6 8 110 12 


At+A=2A=/} 0 2 2/0 2)2 O 


— 
oO 
— 
& 
— 
nN 
& 
| 
N 
oo 
| 
nN 


2A,, 2A, 2A, 
= 2A, = 2A. 
Dh DK. DAy, 


It is left as an exercise for the reader to verify that for the quasi 
super matrix A we have A — A = [0]. In this case 


0 0 0]0 010 0 
0 0 0/0 0 ]0 0 
A-A=|0 0 0/0 0 |0 0 
0 0 [ojo 0 0 0 
0 0 lo]o 0 0 0 
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Just a quasi super matrix A under the same cell division can 
be added any number of times and this will not change the 
nature of a quasi super matrix cell division. 


Thus we can say if A is a quasi super matrix then A+... + 
A: n times is the same as nA. 


If A has Ay, Ay, ..., Ax to be the collection of all its 
submatrices then nA will have nAj;, nAj2, ..., nAy to be the 
collection of all its submatrices. 


Note: We can always take any m x n zero matrix and make the 
cell partition or division in a desired form so that A + (0) = (0) + 
A =A. For this we first define a simple notion called cell 
division function. 


Suppose we have two m x n matrices A and B. We know 
the cell division of A how to get the same cell division of B so 
that the cell divisions of both A and B are the same and both of 
them are quasi super matrices of same type or similar. 


DEFINITION 4.6: Let A be am x n quasi super matrix. B any m 
x n matrix. To make B also a quasi super matrix similar to A; 
define a cell function F. from A to B as follows. 


F(Aj,) = Bi, formed from B by taking the same number of 
rows and columns from B. So that Aj; and B;; have the same 
number of rows and columns, not only that the placing of B1; in 
B is identical with that of A; in A. 


The same procedure is carried out for every Aj in A. 


Thus the cell function F. converts a usual m Xx n matrix B 
into a desired quasi matrix A. 


Before we proceed on to define the properties of F, we 
show this by some illustrations. 
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Example 4.19: Let A be a given 3 x 5 quasi super matrix. B be 
any matrix. To find a similar cell division on B identical with A. 


Given 


_ Ni Ay 
Ay Ay Ay, Ay, 


is a quasi super matrix with Ay, Ay, Ax, Ao2, Ao3 and A», as 
submatrices. 


Given 


Define the cell function F, from A to B as follows. 


0 03 
FAM S| 4 4 =Bu, 


F.(Aj2) = [4 0.1 2] = Bio, 
F.(Ad1) = [3:51] = Boi, 


F.(A22) = [0] = Bx, 


2 
F.(Ag3) = i = Bx 


Quasi Super Matrices | 181 


0 
and F, (Aga) = = Bog. 


21 By B,, By, | 


We enumerate some of the properties of F,. Let F, be a cell 
division function from A to B where A is a quasi super matrix. 


F(A)=A 
i.e., A is equivalent to A under F,; i.e., F, is reflexive. 
If F(A) = B, ice., 


A is equivalent to B under F, then B is equivalent to A 
under F,. 


i.e., if F(A) = B then F, (B) =A. 
(F, (E(A)) =A for all A). 


If A is any quasi super matrix and B and C any two m x n 
matrices. If F, is the cell division function such that F(A) > B 
so that B becomes a quasi super matrix. Suppose F.(B) > C so 
that C becomes a quasi super matrix, then we see A, B and C 
and quasi super matrices with 


A~B and B~C implies A~C. 


Thus F, is an equivalence relation on the class of all m x n 
matrices under a special or a specified cell division function. 
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If we take the collection of all cells partitions of a m < n 
matrix and denote it by C, then C, is divided into disjoint 


classes by this relation 1e., C, = {F. | Fo; A > B; A and B 


m X n matrices, A is a quasi super matrix and B any m x n 


matrix } 
We illustrate this by an example. 


Example 4.20: Let 


(0) 


To find the partition of T under the cell division function. 


a, b,c, d € Zo = {0, 1} }. 


First we find the number of elements inC, . 


po. |? b 
4% Mises oa 
2/8 b 
c|d 
pl? b 
Weed 
,_|@ b 
- c d 
,_/ b 
E c ld 
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gee 
° cals 
Weste C,={ FR gr bbe 


c?+c% *¢% +6? 
ie, |C, |=8. 


Now we have to find the number of matrices in T. 


and F’, 


Thus each and every class in C, will have all the 16 


elements of T with no over lap. 


If C, is the class then every class contains exactly the same 


number of elements in the set of matrices on which the quasi 
super matrices notion is to be defined. 


Now as partition yields to a super matrix we see cell 
division leads to the concept of quasi super matrix. 


Now two m X n quasi super matrix can be added if and only 
if they have the same cell division defined an them, otherwise 
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we say addition is not compatible for the cell division is not 
compatible. 


Example 4.21: Let 


3°°OF dep 2: &S 
7 1071 ~=41 
re 6 0/0 1/10 
B05) TO) 50 
1 2/5 -1)1 
[1 2j6:-2° 4 
Ai Ai 
=|A, Ay Ag ]s 
Ay, 
where Aj, Ajo, Ar}, Ax, Ai3 and A3, are submatrices of A. 
fe es tae 
5 0/1 1 0 BB 
pu|° 2|12 2)_|_ ie 
Ty Medes cb. ake 
2 Od! 0. 4 Bs 
3 0/2 2 0 


Clearly the addition of A and B is not compatiable for we 
see the submatrices B;;, By, Bz}, Bo2, and B3; are different from 
Au, Ai, Aa, Az, Ai3 and A31. 


Thus we see addition of A with B is impossible though both 
A and B are of same order viz., 6 x 5. 


Thus is a quasi super matrix addition is compatiable if and 
only if (1) A and B are quasi super matrix of same order and 
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(2) cell division on A and B are the same that is we have a cell 
division function F,: A > B such that F,(A) = B true. 


Now we illustrate this situation by a simple example. 


Example 4.22: Let 


oF UNION Oo 


where Ay, Ajo, Ao», A23 and A3, are sub matrix of A. 


1 0 1 
0 1 0 
1 1 1 
B- 
1 0 1 
1 1 1 
[9 0 1 
B, B, 
7 By B,, 
B,, 


We see the total number of columns in B;, and Bj), is 5; in 
Bu and Bx is 5in B3, and By is 5. 
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Now the addition of A and B is compatible. 


Oj;1 2 3 4 LO: 1 Oe 

5.16: 27 89 0/1 0 1 0 

0}6 2)|8 4 |e a | | 
A+B= + 

Sb 253. 7D 1 1 0)0 1 

Deo Ly Qe ee LoO-0.) I 

O25 1s Ge 0 1 0{0 1 


54+1 141 740) 3+0 9+1 
1+1 1+0 0+0] 141 241 
POO 2d eo O40, eel 


1 5 
5 9 
me 5 
16 10 
2 3 
0 2 


It is important and interesting to note that in case of quasi 
super matrices even addition is not always compatible even if 
the matrices are of same order. 


Now we proceed on to define multiplication in case of quasi 
super matrices. 


What ever be the situation we need to have compatability of 
order while multiplying. 
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Example 4.23: Let 


A= 
and 
fl 0 1/1 
0 10/2 
B=/1 0 1/0 
21 0/1 
[Oe Oe dal fee 


be any two quasi super matrices. 


0 12 2 1 Ee ite 

2 ae pl 2 le 
A’B=/1 9 110 0 1 0 1)0 
5 101 1 SO 

0 0 1)1 


If the partitions or cell divisions are removed imaginarily 
and the multiplication takes place we get a 4 x 4 matrix. 


4 3 315 
22 4 7{11 
N50, 29 
7 26: 9 
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The quasi super matrix product assumes an approximate cell 
division which is not unique for it may not be possible to get a 
cell division exactly as the very order of it is changed. 


We call it as the resultant quasi super matrix. What is more 
important in this situation is that we can find one or more type 
of cell division on the product. This is not a problem for the 
very concept of quasi super matrix was found to apply in fuzzy 
models. 


So to over come all these hurdles we make a mention of the 
following. As in case of super matrices we first apply the 
product of a quasi super matrix and its transpose we may recall 
in case of super matrix we had the product of a super matrix 
with its transpose gave a nice symmetric super matrix. 


We observe that in the case of quasi super matrix A, the 
transpose A‘ of A is such that in general the product is not 
defined. Thus we can define the product only when it is defined. 


This is not the case in case of super matrix, for in super 
matrix we can always define such products but in case of quasi 
super matrix the product may be defined or not. Only if defined 
it can be calculated. 


This quasi super matrix when its entries are from the fuzzy 
interval [0,1] we define it to be a fuzzy quasi super matrix or 
quasi fuzzy super matrix. 


All these matrices find their applications when the problem 
under investigation uses several i.e., one or more fuzzy models 
simultaneously. 


We just illustrate by examples some fuzzy quasi super 
matrices. 


Example 4.24: Let F, denote the fuzzy quasi super matrix given 
as 
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0 O01 04 05 03 0.7 
0.1 1 O 08 0.5 
07 02 05 06 1 02 
=|0.8 05 06 05 0.7 1 |, 
0.1 08 06) 1 O 08 
08 0.5 01/09 1 0.2 
[03 O27. 0.303 O55 -1 


where A, is a 4 x 6 fuzzy rectangular matrix and A, and A; are 
3 x 3 fuzzy square super matrices. 


Example 4.25: Let P, denote a quasi fuzzy super matrix given 
by 


[0.1 1 02 0.1 10.9 0.7 0.2 0 
09 O01 1 #O 108 06 04 0.6 
0.7 0.5 06 0.8 10.7 0.1 05 0.1 
1 O 05 |0.4 0.7 04 0.3 
1 06 01 05 0 ;)0 £40 
07 0 02 04 0.6 0.7 
1 
0 


Pe oe OY ad 
0.7 0.8 0.9 0.6 |0.3 0.2 
05 0.2 06 04 05 0.1 10.3 0.1 
[OG 3: (014 0.3 02-07 (OR. -O 


where 
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where A; and A: is a 4 x 4 fuzzy matrix. A; 1s a 6 X 6 square 
fuzzy matrix and A, and A; are 3 x 2 rectangular fuzzy 


matrices. 


Thus we can have any number of quasi fuzzy super 
matrices. In case of even quasi fuzzy super matrices we cannot 
always define the notion of addition or multiplication. Only 
when special type of compatibility exists we can proceed onto 
define sum or product or both. 


Example 4.26: Let F, and P, be two quasi fuzzy super matrices 


given by 


and 


[0.3 0.1 0210.7 02 
1 02 05] 0 O 
0 03 1/01 0.1 
0 03 08/04 1 
1 0.7 03] 1 = O.1 

10.5 0.8 0.9} 0 03 

A, A, 
Es A, a 

0 07 1]|0 06 
03 0 O08] 1 05 
0109 0] 0 1 
09 0 0.7105 0.1 
0.2 03 05/03 0.5 
04 0.1 06/1 0 

B, B, 
[5 B, a 


| 0.7 


0 
0.5 
0.2 
0.1 


0.2 


0.2 
0.1 


0.5 


0.7 


0.7 
0.5 
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We see both min {P,, F,}; P, + F, = min {P,, F,} where min 
function is well defined. 


For if 


where A, = (a; );t= 1, 2,3, 4,5. 


and 


_|(65) (83) 
(bi) (05) (bs) 


where B, = (bi); p= 1, 2,3, 4, 5. 


min {a; b;} min {a;,,b;;} max {a> 


. 1 1 : 2 2 

min{a,,b,} min{a;,b;. 
min {F, + P,} = taj, 04) {a,b} 5 | 
ij? ij Dit 


0 01 02) 0 02 0 O11 
03 0 05); 0 0 03 1 
0 03 0; 0 O1 02 0 

0 O 0.7}04 0.1 0.1 0.7 

0.2 0.3 0.3)0.3 0.1] 0.7 0.7 

[0.4 0.1 06); 0 O11! 0 0.5 


Thus only when compatibility exists we may be in a 
position to define min function. 


Now we proceed onto define max function on F, and P,. 
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max {F, + P,} = Fae max {94,4} 
ij 


max {a;,,b;;} max {a;,,b;;} max {a;,, 
[0.3 0.7 1/107 06 1 07 
1 02 08; 1 05 05 1 
0.1 09 14501 #1 02 0.3 
09 0.3 08/05 1 O1 1 
1 0.7 05; 1 O05 | 1 1 
0.5 08 09] 1 0310.2 0.5 


Now we proceed onto define max min of F,, P,. 
i.e., max min {F,, Ps} 


_| maxmin{A,,B,} maxmin{A,,B,} 
max min{A,,B,} | maxmin{A,,B,} max min{A,,B,} 


0.1 0.3 0.3102 0.6 0.7 0.7 
0.2 07 1/05 05 02 1 
03 09 03/03 02 0.2 0.3 
04 03 06} 1 05 04 1 
0.9 0.3 0.7/0.3 0.5]0.7 0.7 
10.5 0.3 06/03 0102 05 


max min {F,, P,} = 


At times we may have only ‘addition’ to be compatible. For 
instance consider the example. 


Example 4.27: Let F, and P, be any two quasi fuzzy super 
matrices given by 


and 


Let us denote 


and 


Ps 
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0 09 


0.8 0.4 


1 03 


0.6 0.1 
0.8 0.1 


0 
0 02 


0.4 0.7 


max min {F,, P,} is not defined as max min {A,, Bj} is not 


defined min or max is defined by 
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1 1 2 2 
max(a;,,b;,) max(a;.,b;. 
max {F,+P,} = y i) ‘ ) 
max(a;,,b;,) max(a;,,b;;) 


ij? 


1 O01 09 
0 08 09 

08 1 03 

' 0.9 0.7 02 
? 0.4 08 03 
0.6 1 O08 

0.7 0.2 02 

1 04 0.7 


Thus we see at times max and min may be defined but max min 
may not be defined. 


Here also entries of all these quasi super matrices can be 
replaced by the entries from neutrosophic ring, dual number 
ring, dual neutrosophic number rings and so on. 


These new structures find applications in constructing the 
fuzzy neutrosophic quasi super models. 
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